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Quark gluon plasma 
as chiral matter

Quarks are almost massless Dirac fermion

quark

gluon

Temperature 
200 MeV


∼ 2 × 1013 K

mq/T ∼ 0.03



Two topics
Electric conductivity 
in a magnetic field

Dilution production 
in a magnetic field and vorticity



Strong magnetic field and rotation  
in heavy ion collisions
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as consistent with our measurements, within reported statistical 
uncertainty.

We have performed several checks that indicate a zero polarization 
‘signal’, as expected, in the combinatoric background of proton–pion 
pairs that do not come from Λ hyperons. This includes analysis of pro-
ton–pion pairs with invariant masses slightly different from the mass 
of a Λ hyperon mΛ. Nevertheless, these checks have finite statistical 
precision, so we consider the possibility of fluctuations in the back-
ground that could contribute to the polarization signal. This dominates 
the systematic uncertainties in the signal. Uncertainties due to Λ iden-
tification criteria (such as requirements for the spatial proximity of the 
proton and π daughters) are negligible. There are also small systematic 
uncertainties in the overall scale, which would scale both the value of 
( H and the statistical uncertainty, thus not affecting the statistical sig-
nificance of the signal. These include the uncertainties in the Λ decay 
parameter α (2%)17, the reaction-plane resolution (about 2%)22, and 
detector efficiency corrections (about 3.5%).

The fluid vorticity may be estimated from the data using the hydro-
dynamic relation18

ω≈ + /′ ′Λ Λ( (k T ħ( ) (3)B

where T is the temperature of the fluid at the moment when particles 
are emitted from it. The subscripts Λ′ and Λ ′ in equation (3) indicate 
that these polarizations are for ‘primary’ hyperons emitted directly from  
the fluid. However, most of the Λ and Λ  hyperons at these collision  
energies are not primary, but are decay products from heavier particles 
(for example, ∑*,+ →  Λ + π+), which themselves would be polarized 
by the fluid. The data in Fig. 4 contain both primary and these ‘feed-
down’ contributions. At these collision energies, the effect of feed-down 
is estimated18 to produce differences of only about 20% between the 
polarization of primary and of all hyperons.

The sNN-averaged polarizations indicate a vorticity of ω ≈ (9 ± 1) ×  
1021 s−1, with a systematic uncertainty of a factor of two, mostly owing 

to uncertainties in the temperature. This far surpasses the vorticity of 
all other known fluids, including solar subsurface flow23 (10−7 s−1); 
large-scale terrestrial atmospheric patterns24 (10−7–10−5 s−1); supercell 
tornado cores25 (10−1 s−1); the great red spot of Jupiter26 (up to 
10−4 s−1); and the rotating, heated soap bubbles (100 s−1) used to model 
climate change27. Vorticities of up to 150 s−1 have been measured in 
turbulent flow28 in bulk superfluid He II, and Gomez et al.29 have 
recently produced superfluid nanodroplets with ω ≈ 107 s−1.

Relativistic heavy ion collisions are expected to produce intense mag-
netic fields30 parallel to Ĵsys. Coupling between the field and the intrinsic 
magnetic moments of emitted particles may induce a larger polariza-
tion for Λ  hyperons than for Λ hyperons18. This is not inconsistent with 
our observations, but probing the field will require more data to reduce 
statistical uncertainties as well as potential effects related to differences 
in the measured momenta of Λ and Λ  hyperons.

The discovery of global Λ polarization in non-central heavy ion colli-
sions opens up new directions in the study of the hottest, least viscous—
and now, most vortical—fluid produced in the laboratory. Quantitative 
estimates of extreme vorticity yield a more complete characterization 
of the system and are crucial input to studies of phenomena related to 
chiral symmetry restoration that may provide insight into the complex 
interactions between quarks and gluons.

Online Content Any Extended Data display items and Source Data are available in 
the online version of the paper; references unique to these sections appear only in 
the online paper.
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Figure 4 | The hyperon average polarization in Au + Au collisions. The 
average polarization for Λ (blue stars) and Λ  (red circles) from 20–50% 
central collisions are plotted as a function of collision energy. Error bars 
represent statistical uncertainties only, while boxes represent systematic 
uncertainties. The results of the present study ( sNN  < GeV), indicated by 
filled symbols, are shown together with those reported earlier7 for 
62.4 GeV and 200 GeV collisions, indicated by open symbols and for which 
only statistical errors are plotted.
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Chiral magnetic effect

Chiral effect in QGP

Chiral vortical effect

J = ξBB + ξωω

ξB ∼ μ5 ξω ∼ μ5μ

J5 = ζBB + ζωω

Fukushima, Kharzeev, Warringa (’08)

Son, Zhitnitsky (’04)
Metlitski, Zhitnitsky (’05)

Kharzeev, McLerran, Warringa (’08)

Chiral separation effect

Son, Surowka (’09),   
Landsteiner, Megias, Pena-Benitez (11)

∂μ jμ
5 = CE ⋅ Brelated to chiral anomaly

http://link.aps.org/doi/10.1103/PhysRevD.78.074033
http://link.aps.org/doi/10.1103/PhysRevD.70.074018
http://link.aps.org/doi/10.1103/PhysRevD.72.045011
http://link.aps.org/doi/10.1103/PhysRevD.78.074033


Electric conductivity in B

Current:

Hall longitudinal perpendicular

B
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Related to CME

σij = σHϵijkB̂k + σ∥B̂iB̂j + σ⊥(δij − B̂iB̂j)

Ji = σijEj + ⋯
Fukushima YH , Phys. Rev. Lett. 120 (2018) no.16, 162301



Strong B, chiral limit
Chiral anomaly

@µj
µ
5 = CE ·B

<latexit sha1_base64="+iI8qMO1gNi8xxCgJLsWFv/PHj8="></latexit><latexit sha1_base64="+iI8qMO1gNi8xxCgJLsWFv/PHj8="></latexit><latexit sha1_base64="+iI8qMO1gNi8xxCgJLsWFv/PHj8="></latexit><latexit sha1_base64="+iI8qMO1gNi8xxCgJLsWFv/PHj8="></latexit>

n5 / tE ·B
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in cond-mat in QCD
explicit breaking 

by 
Interaction with  
phonon or impurity

+ Ohmic term

mqmqt → τR
σ∥ ∝ τRB2

CME
impliesjCME ∼ μ5B ∼ n5B σ∥ → ∞

∂μ jμ
5 = CE ⋅ B n5 ∝ tE ⋅ B



chiral magnetic effect  in cond-mat.
Q Li, et al, Nature Physics 12, 550-554 (2016)

FIG. 2: Magnetoresistance in field parallel to current ( ~B k a) in ZrTe5. (a) MR at various

temperatures. For clarity, the resistivity curves were shifted by 1.5 m⌦cm (150 K), 0.9 m⌦cm

(100 K), 0.2 m⌦cm (70 K) and �0.2 m⌦cm (5 K). (b) MR at 20K (red symbols) fitted with the

CME curve (blue line); inset: temperature dependence of the fitting parameter a(T ) in units of

S/(cm T2).

observed resistivity can be fitted with a simple quadratic term (Supplementary materials,

Fig. S1). This term is treated as a background and subtracted from the parallel field

component for all MR curves recorded at T  100 K.

A negative MR is observed for T  100 K, increasing in magnitude as temperature

decreases. We found that the magnetic field dependence of the negative MR can be nicely

fitted with the CME contribution to the electrical conductivity, given by �CME = �0 +

a(T )B2, where �0 represents the zero field conductivity. The fitting is illustrated in Fig.

2(b) for T = 20 K, with an excellent agreement between the data and the CME fitting

curve. At 4 Tesla, the CME conductivity is about the same as the zero-field conductivity.

At 9T, the CME contribution increases by ⇠ 400%, resulting in a negative MR that is

much stronger than any conventional one reported at an equivalent magnetic field in a

non-magnetic material.

At very low field, the data show a small cusp-like feature. The origin of this feature is not

completely understood, but it probably indicates some form of anti-localization coming from

the perpendicular ( ~B k b) component. Inset in Fig. 2(b) shows the temperature dependence

of the fitting parameter a(T ), which decreases with temperature faster than 1/T , again

consistent with the CME.

6

⇢ =
1

⌧
� (CB)2 + �Ohm

resistance :
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the former case, this completes the confirmation because
A3

(0)(k) is already the full solution at the leading order.

In the latter case, we see that iteration does not yield k2

dependence by looking at Eq. (5.12), so the assumption
is valid also in this case.

VI. IMPLICATION IN HEAVY ION COLLISION

In this section, we briefly discuss possible implications
for the heavy ion collisions from our results obtained in
the previous section. We evaluate the value of the con-
ductivity by using typical values of T , B, g, and mf

realized in the heavy ion collision, and make a compari-
son with the preceding results at B = 0. We also discuss
the back reaction from the induced current to the elec-
tromagnetic field. Furthermore, we discuss the e↵ect of
magnetic field on the production rate of soft dileptons.

A. Evaluation of conductivity

Having the heavy ion collisions in mind, we use the
following values for the parameters:

↵s ⌘
g2

4⇡
= 0.3,

mf = 3 MeV (u), 5 MeV (d), 100 MeV (s)

eB = 10m2
⇡ = (443 MeV)2,

(6.1)

where m⇡ = 140 MeV is the pion mass. In order to
highlight the e↵ect of the magnetic field, we have taken
the very large value for eB. With these parameters, the
gluon screening mass (3.16) is approximately M ' 140
(160) MeV in Nf = 2 (3) case. Because it satisfies mf <
M , we use our results (4.2) in the case mf ⌧ M from
now on.

First, let us compare the parametric behaviors of
our result at finite B and of the result at B =
0. From Eq. (4.2), the conductivity along the mag-
netic field is parametrically evaluated as �33/e2 ⇠

eBT/[g2m2
f ln(T/M)]. On the other hand, the paramet-

ric estimate for B = 0 is �B=0/e2 ⇠ g�4T (ln g�1)�1 [32,
34]. Thus their ratio is given by

�33/�B=0 ⇠ g2
eB

m2
f

' 8.2⇥ 104, (6.2)

where we have neglected the log factor and used the pa-
rameters given in Eq. (6.1). We see that the conductiv-
ity in the strong magnetic field is much larger than that
without the magnetic field, mainly because of the small
value of the current quark mass.

To show our results in a more useful form for the
phenomenology and to explicitly indicate the region of
validity of our calculation, we show a plot of �33 as a
function of T for two- and three-flavor cases (Nf = 2
and 3) in Fig. 8. In Eq. (4.2), we take Nc = 3 and

FIG. 8: The orange and blue curves shows our results (4.2)
for two- and three-flavor cases, respectively. The parameters,
g, mf , and eB, are set to the values given in Eq. (6.1). The red
(purple) area in the left (right) part shows the temperature
range that does not satisfy

p
↵seB < T (T <

p
eB). The red

points are the result of BAMPS at B = 0 for the massless
three-flavor case [46], in which ↵s is fixed with the value in
Eq. (6.1). The green points with statistical error bars are the
result of two-flavor lattice QCD at B = 0 with pion mass
⇠ 270 MeV [47].

e2 = 0.092 from ↵ ⌘ e2/(4⇡) = 1/137. The values for g,
mf , and

p
eB are given in Eq. (6.1). The red and pur-

ple areas are shown to exclude the temperature ranges
in T <

p
↵seB and

p
eB < T , respectively, where our

assumption M ⌧ T ⌧
p
eB is not valid. Therefore, our

result is expected to be reliable only in the window in
between, and there are crossovers to the regions of other
hierarchies near the boundaries. The reference results at
B = 0 are taken from the numerical solution of the Boltz-
mann equation4 (BAMPS) [46] for massless three-flavor
quarks with 2 to 2 collision e↵ects and from the two-
flavor lattice QCD simulation [47] as an example of non-
perturbative calculations. Though there is a deviation
between these two reference results by a factor of ⇠ 10,
both of them are almost constant in all the temperature
range, which is consistent with the parametric behav-
ior informed from the perturbative calculations discussed
above. Compared with the result of BAMPS (lattice) at
B = 0, our result is larger by a factor ⇠ 104 (⇠ 105) in
all the temperature range. Thus again, we see that the
strong magnetic field significantly increases the conduc-
tivity. Nevertheless, when T is as large as or much larger
than

p
eB (the purple area in the figure), the higher LL,

whose scattering process is not suppressed by m2
f , is ex-

pected to contribute to the conductivity. Therefore, �33

4
We could not find the numerical prefactor of the conductivity

at B = 0 in perturbative QCD, so instead we plot the value

obtained with this model.

Conductivity of QCD in strong B

Strong B
Effective 1+1 dynamics
+chiral symmetry 

suppression of  
interactions

Hattori, Satow, Phys. Rev. D94 (2016) 114032 Hattori, Li, Satow, Yee Phys.Rev. D95 (2017) no.7, 076008

eB ≫ T
μ = 0

σ∥/T ∼
eB

m2
qg2
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with the electric charge density ne, the energy momen-
tum tensor T

µ⌫ , the energy density E = �T 00�, and the
pressure Pi = �T ii� [13].

For perturbative calculations of ⇧ij

R�A(k) the free

quark propagator at finite B is the essential building
block. The retarded propagator in flavor f sector is given
by a sum over the Landau levels labeled by n as

S
f

R�A(p) =
∞�

n=0
−Sf

n
(p)

p2
0 − "2

fn
± i✏p0

= ∞�
n=0

−Sf

n
(p)

p2∥ −m2
fn
± i✏p0

, (3)

where the (flavored) Landau quantized energy disper-

sion is "fn =�p2
z
+ 2�qfB�n +m2

f
and we defined m

2
fn
∶=

2�qfB�n +m
2
f
, p

µ⊥ ∶= (0, px, py,0), and p
µ∥ ∶= (p0,0,0, pz).

Here, we chose the B direction along the z axis without
loss of generality. The numerator S

f

n
(p) has Dirac index

structures decomposed as

S
f

n
(p) = (/p∥ +m)�P f+An(4⇠

f

p
) + P

f−An−1(4⇠
f

p
)�

+/p⊥Bn(4⇠
f

p
) (4)

with ⇠
f

p
∶= �p⊥�2�(2�qfB�). We introduced An(x) ∶=

2e
−x�2(−1)nLn(x), and Bn(x) ∶= 4e

−x�2(−1)n−1L(1)
n−1(x)

where Ln(x) = L
(0)
n (x) and L

(↵)
n (x) represent the gen-

eralized Laguerre Polynomials [14]. In the above ex-
pression P

f± represents the projection operator, P
f± ∶=(1 ± sgn(qfB) i�1

�
2)�2.

We adopt the real-time Schwinger-Keldysh formalism
in the R�A basis in which the standard propagators
on the Schwinger-Keldysh paths (1,2) are transformed
through the following relations: S

f

RA
= −iSf

R
, S

f

AR
=

−iSf

A
, S

f

AA
= 0, and S

f

RR
= −i[1�2−nF (p0−µf)](Sf

R
−Sf

A
),

where nF is the Fermi-Dirac distribution function.

Electric conductivity: We are now ready for proceed-
ing to the conductivity calculation. We decompose the
anisotropic tensor structure of the electric conductivity
using B̂

i ∶= B
i��B� as

�
ij = �H ✏

ijk
B̂

k + �∥ B̂i
B̂

j + �⊥ (�ij − B̂
i
B̂

j) , (5)

where �H represents the Hall conductivity for an elec-
tric current perpendicular to both electric and magnetic
fields. In the R�A basis, the polarization tensor at the
one-loop order reads

⇧µ⌫

R
(k) = −i�

f

q
2
f � d

4
p

(2⇡)4 tr ��µ
S

f

RR
(k + p)�⌫

S
f

AR
(p)�

− i�
f

q
2
f � d

4
p

(2⇡)4 tr ��µ
S

f

RA
(k + p)�⌫

S
f

RR
(p)� , (6)

apart from the hydrodynamic mode subtraction, which
will be taken into account later. We can straightfor-
wardly perform the integration (6) to get

�H = ne

B
, (7)

1

= +

1

1

1

1

· · ·· · ·

11

1

= +

· · ·· · ·

1

1

11

= +

FIG. 1. Illustration of the Bethe-Salpeter equations; the re-
summed propagator with self-energy insertions (top) and the
resummed vertex with ladder diagrams (bottom).

which is nothing but the formula for the Hall conductiv-
ity. Up to the one-loop order �⊥ = 0 which is intuitively
understood from the Landau quantization of transverse
motion. A nonzero value of �⊥ appears from the two-
loop and higher order contributions. Here, we just give
a parametric estimate, that is,

�⊥
T
∼ g

2
T

2

�eB� , (8)

which is small in our condition of
��eB� � gT . This

parametric form is derived from one self-energy inser-
tion to the fermion propagators. The leading behavior of
the self-energy is ∼ g

2
T , while the propagator is of order

1��" ∼ T ��eB�. Thus, the combination of these factors
leads to g

2
T ⋅ T ��eB� = g

2
T

2��eB�� 1.

Kinetic equations: Next, we calculate the longitudi-
nal conductivity which is of our main interest. To this
end we must deal with the resummation over pinching
singularities (see Ref. [15] for example). An e�cient ap-
proach to resum higher order diagrams is solving the
Bethe-Salpeter equations, as illustrated in Fig. 1, which
amounts to the common formalism used in Ref. [16].

The Bethe-Salpeter equations can be translated to the
linearized kinetic or Boltzmann equations, that is,

2P
µ

p
�@µ + qfF⌫µ@p⌫�fp = −C[f]

2P̄
µ

p′�@µ − qfF⌫µ@p′⌫�f̄p′ = −C̄[f]
2k

µ
@µgk = −C̃[f]

(9)

for quarks, anti-quarks, and gluons, respectively, where
@p⌫ ∶= @�@p⌫ and C[f], C̄[f], and C̃[f] represent the
collision terms. In the above, 2P

µ

p
∶= ū(p)�µ

u(p) and
2P̄

µ

p′ ∶= v̄(p′)�µ
v(p′), with the wave functions u(p) and

v(p′) for particle and anti-particle, respectively, and the
subscript p, p

′, and k represent not only the momenta
but also the Landau level n, the angular momentum l,
the spin s, the color c, and the flavor f collectively.

To solve the Boltzmann equation perturbatively, we
expand the distribution functions in terms of small de-
viations, �fp, �f̄p, and �gk, around the thermal equilib-
rium, feq(p) = nF ("fn − µ), f̄eq(p) = nF ("fn + µ), and
geq(k) = nB(!k) where nB is the Bose-Einstein distribu-
tion function and !k = �k� is the energy of massless glu-
ons. It would be more convenient to introduce �p, �̄p′ ,

2

with the electric charge density ne, the energy momen-
tum tensor T

µ⌫ , the energy density E = �T 00�, and the
pressure Pi = �T ii� [13].
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f

n
(p) has Dirac index

structures decomposed as

S
f

n
(p) = (/p∥ +m)�P f+An(4⇠

f

p
) + P

f−An−1(4⇠
f

p
)�

+/p⊥Bn(4⇠
f

p
) (4)

with ⇠
f

p
∶= �p⊥�2�(2�qfB�). We introduced An(x) ∶=

2e
−x�2(−1)nLn(x), and Bn(x) ∶= 4e

−x�2(−1)n−1L(1)
n−1(x)

where Ln(x) = L
(0)
n (x) and L

(↵)
n (x) represent the gen-

eralized Laguerre Polynomials [14]. In the above ex-
pression P

f± represents the projection operator, P
f± ∶=(1 ± sgn(qfB) i�1

�
2)�2.

We adopt the real-time Schwinger-Keldysh formalism
in the R�A basis in which the standard propagators
on the Schwinger-Keldysh paths (1,2) are transformed
through the following relations: S

f

RA
= −iSf

R
, S

f

AR
=

−iSf

A
, S

f

AA
= 0, and S

f

RR
= −i[1�2−nF (p0−µf)](Sf

R
−Sf

A
),

where nF is the Fermi-Dirac distribution function.

Electric conductivity: We are now ready for proceed-
ing to the conductivity calculation. We decompose the
anisotropic tensor structure of the electric conductivity
using B̂

i ∶= B
i��B� as

�
ij = �H ✏

ijk
B̂

k + �∥ B̂i
B̂

j + �⊥ (�ij − B̂
i
B̂

j) , (5)

where �H represents the Hall conductivity for an elec-
tric current perpendicular to both electric and magnetic
fields. In the R�A basis, the polarization tensor at the
one-loop order reads

⇧µ⌫

R
(k) = −i�

f

q
2
f � d

4
p

(2⇡)4 tr ��µ
S

f

RR
(k + p)�⌫

S
f

AR
(p)�

− i�
f

q
2
f � d

4
p

(2⇡)4 tr ��µ
S

f

RA
(k + p)�⌫

S
f

RR
(p)� , (6)

apart from the hydrodynamic mode subtraction, which
will be taken into account later. We can straightfor-
wardly perform the integration (6) to get

�H = ne

B
, (7)
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FIG. 1. Illustration of the Bethe-Salpeter equations; the re-
summed propagator with self-energy insertions (top) and the
resummed vertex with ladder diagrams (bottom).

which is nothing but the formula for the Hall conductiv-
ity. Up to the one-loop order �⊥ = 0 which is intuitively
understood from the Landau quantization of transverse
motion. A nonzero value of �⊥ appears from the two-
loop and higher order contributions. Here, we just give
a parametric estimate, that is,

�⊥
T
∼ g

2
T

2

�eB� , (8)

which is small in our condition of
��eB� � gT . This

parametric form is derived from one self-energy inser-
tion to the fermion propagators. The leading behavior of
the self-energy is ∼ g

2
T , while the propagator is of order

1��" ∼ T ��eB�. Thus, the combination of these factors
leads to g

2
T ⋅ T ��eB� = g

2
T

2��eB�� 1.

Kinetic equations: Next, we calculate the longitudi-
nal conductivity which is of our main interest. To this
end we must deal with the resummation over pinching
singularities (see Ref. [15] for example). An e�cient ap-
proach to resum higher order diagrams is solving the
Bethe-Salpeter equations, as illustrated in Fig. 1, which
amounts to the common formalism used in Ref. [16].

The Bethe-Salpeter equations can be translated to the
linearized kinetic or Boltzmann equations, that is,

2P
µ

p
�@µ + qfF⌫µ@p⌫�fp = −C[f]

2P̄
µ

p′�@µ − qfF⌫µ@p′⌫�f̄p′ = −C̄[f]
2k

µ
@µgk = −C̃[f]

(9)

for quarks, anti-quarks, and gluons, respectively, where
@p⌫ ∶= @�@p⌫ and C[f], C̄[f], and C̃[f] represent the
collision terms. In the above, 2P

µ

p
∶= ū(p)�µ

u(p) and
2P̄

µ

p′ ∶= v̄(p′)�µ
v(p′), with the wave functions u(p) and

v(p′) for particle and anti-particle, respectively, and the
subscript p, p

′, and k represent not only the momenta
but also the Landau level n, the angular momentum l,
the spin s, the color c, and the flavor f collectively.

To solve the Boltzmann equation perturbatively, we
expand the distribution functions in terms of small de-
viations, �fp, �f̄p, and �gk, around the thermal equilib-
rium, feq(p) = nF ("fn − µ), f̄eq(p) = nF ("fn + µ), and
geq(k) = nB(!k) where nB is the Bose-Einstein distribu-
tion function and !k = �k� is the energy of massless glu-
ons. It would be more convenient to introduce �p, �̄p′ ,

two loopone-loop resume

1

1

1

· · ·· · ·

11

1

11

1

�k

T
⇠ 1

gn
F (T 2/eB)
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J i = �ijEj + · · ·current:
σij = σHϵijkB̂k + σ∥B̂iB̂j + σ⊥(δij − B̂iB̂j)

Ji = σijEj + ⋯

Hall longitudinal perpendicular

Electric conductivity in B



Usually suppress by kinematics

The situation is  
different in B!
ex) Syncrotron radiation

Scattering v.s. radiation

Leading contribution to conductivity

∼ g4 ∼ g2



Longitudinal conductivity

Infinitely diagrams contribute to the conductivity
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Solving linearized 
Boltzmann Eq.

cf. Jeon, Phys  Rev. D 52 (1995) 3591 
Hidaka, Kunihiro, Phys. Rev. D83 (2011) 076004 
Fukushima, YH (2018)
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which is generated by 

σ∥



X(n, n′�, ξ) = g2NcCF
|qf B |

2π
e−ξ n!

n′�!
ξn′�−n

× {[4m2
f − 4 |qf B | (n + n′�− ξ)

1
ξ

(n + n′�)]F(n, n′�, ξ)

+16 |qf B |n′�(n + n′�)
1
ξ

L(n′�−n)
n (ξ)L(n′�−n)

n−1 (ξ)}
F(n, n′�, ξ) = [L(n′ �−n)

n (ξ)]2 +
n′�

n [L(n′�−n)
n−1 (ξ)]2

ξ =
(εfn + εfn′�)2 − (pz + p′�z)2

2 |qf B |

Laguerre Polynomials

Just complicated
0 (mn1 + mn2)

2(mn1 �mn2)
2

k2k

1

1

1

1
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2
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∼ ∑
l,s,c

∫
d2p⊥

(2π)2
|ℳp+p′ �→k |2 = X(n, n′�, ξ)



B dependence

non-monotonic behavior
Degrees of freedom

Higher Landau level is suppressed  by 
Boltzmann factor:

v.s.
∼

eB
2π

exp(− eBn /T )



B dependence

FIG. 2: Magnetoresistance in field parallel to current ( ~B k a) in ZrTe5. (a) MR at various

temperatures. For clarity, the resistivity curves were shifted by 1.5 m⌦cm (150 K), 0.9 m⌦cm

(100 K), 0.2 m⌦cm (70 K) and �0.2 m⌦cm (5 K). (b) MR at 20K (red symbols) fitted with the

CME curve (blue line); inset: temperature dependence of the fitting parameter a(T ) in units of

S/(cm T2).

observed resistivity can be fitted with a simple quadratic term (Supplementary materials,

Fig. S1). This term is treated as a background and subtracted from the parallel field

component for all MR curves recorded at T  100 K.

A negative MR is observed for T  100 K, increasing in magnitude as temperature

decreases. We found that the magnetic field dependence of the negative MR can be nicely

fitted with the CME contribution to the electrical conductivity, given by �CME = �0 +

a(T )B2, where �0 represents the zero field conductivity. The fitting is illustrated in Fig.

2(b) for T = 20 K, with an excellent agreement between the data and the CME fitting

curve. At 4 Tesla, the CME conductivity is about the same as the zero-field conductivity.

At 9T, the CME contribution increases by ⇠ 400%, resulting in a negative MR that is

much stronger than any conventional one reported at an equivalent magnetic field in a

non-magnetic material.

At very low field, the data show a small cusp-like feature. The origin of this feature is not

completely understood, but it probably indicates some form of anti-localization coming from

the perpendicular ( ~B k b) component. Inset in Fig. 2(b) shows the temperature dependence

of the fitting parameter a(T ), which decreases with temperature faster than 1/T , again

consistent with the CME.

6

Similar behavior
although physical processes are different

Li Li, Kharzeev, Zhang, Huang, Pletikosic,  
Fedorov, Zhong, Schneeloch,  

Gu, Valla, Nature Phys. 12, 550 (2016)
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Anomaly 
∂μ jμ =

1
4π2

E ⋅ B

Chiral kinetic equation (CKE)
(∂t + ·x ⋅ ∇x + ·p ⋅ ∇p)f = C[ f ]

Stephanov, Yin (’12) 
Chiral Kinetic theory

Son, Yamamoto (’12)

Equations of motion ·x = p̂ + ·p × Ω
·p = ·x × B + E

Ω = ∇p × a =
p̂

2p2Berry curvature

http://link.aps.org/doi/10.1103/PhysRevLett.109.162001
http://link.aps.org/doi/10.1103/PhysRevLett.109.162001


S<μ = 2πϵ(p ⋅ n)[δ(p2)(pμ+Sμν
n 𝒟ν) + pνF̃μνδ′�(p2)]f

Sμν
n =

1
2

ϵμναβ
pαnβ

p ⋅ n
𝒟μ f = Δμ f + Σ<

μ f − Σ>
μ f̄spin:

Covariant version of 
Chiral kinetic equation (CKE)

ΔμS<μ = Σ<
μ S>μ − Σ>

μ S<μ

YH,  Shi Pu, Yang (’16) (’17)

Δμ = ∂μ + Fνμ∂pν



(local) Equilibrium
Jμ = 2∫

d4p
(2π)4

S<μ(p, X)Current:

J = nu + σBB + σωω
CME CVE



Dissipative current
CKE with relaxation time approximation

Gorbar, Shovkovy, Vilchinskii, Rudenok, Boyarsky, Ruchayskiy (’16)
Chen, Ishii, Pu, Yamamoto (’16)

∇μ, ∇T correction

high-Tlow-T

E◉

J

Ci ∼ τR

δJ = C1E × ∇μ + C2E × ∇T + C3 ∇μ × ∇T

YH, Pu, Yang ('17)



Dissipative current

u

B

YH, Yang ('18)

δJi = C4πijBj + C5πijωj

J
J

Shear and bulk correction

+C6(∇ ⋅ u)Bi + C7(∇ ⋅ u)ωi



Dilepton production
QGP

Lepton pair

Π<μν(X, q) = ∫ d4seiq⋅s⟨jν(X − s/2)jμ(X + s/2)⟩

p1

p2

q

dΓ
d4q

= −
α

24π4
Π<μ

μ(q, X)

Photon polarization funciton

Dilepton production rate

X

Gongyo, YH, Tachibana (’18)



Di-lepton production in ω
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Di-lepton production in B
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Summary
Electric conductivity

Particle production: Novel chiral effects:
dΓω

d4q
= (ω ⋅ Ωγ)Cω

dΓB

d4q
= (B ⋅ Ωγ)CB

FIG. 2: Magnetoresistance in field parallel to current ( ~B k a) in ZrTe5. (a) MR at various

temperatures. For clarity, the resistivity curves were shifted by 1.5 m⌦cm (150 K), 0.9 m⌦cm

(100 K), 0.2 m⌦cm (70 K) and �0.2 m⌦cm (5 K). (b) MR at 20K (red symbols) fitted with the

CME curve (blue line); inset: temperature dependence of the fitting parameter a(T ) in units of

S/(cm T2).

observed resistivity can be fitted with a simple quadratic term (Supplementary materials,

Fig. S1). This term is treated as a background and subtracted from the parallel field

component for all MR curves recorded at T  100 K.

A negative MR is observed for T  100 K, increasing in magnitude as temperature

decreases. We found that the magnetic field dependence of the negative MR can be nicely

fitted with the CME contribution to the electrical conductivity, given by �CME = �0 +

a(T )B2, where �0 represents the zero field conductivity. The fitting is illustrated in Fig.

2(b) for T = 20 K, with an excellent agreement between the data and the CME fitting

curve. At 4 Tesla, the CME conductivity is about the same as the zero-field conductivity.

At 9T, the CME contribution increases by ⇠ 400%, resulting in a negative MR that is

much stronger than any conventional one reported at an equivalent magnetic field in a

non-magnetic material.

At very low field, the data show a small cusp-like feature. The origin of this feature is not

completely understood, but it probably indicates some form of anti-localization coming from

the perpendicular ( ~B k b) component. Inset in Fig. 2(b) shows the temperature dependence

of the fitting parameter a(T ), which decreases with temperature faster than 1/T , again

consistent with the CME.
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Fedorov, Zhong, Schneeloch,  

Gu, Valla, Nature Phys. 12, 550 (2016)
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Large B behavior

Lowest Landau level

including higher levels

T = 200MeV
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mu = 3MeV,md = 5MeV
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Quak mass dependence

For small current mass,  higher Landau levels are important

Ding, et al (2011)
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