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Topology in various systems

�2

• Nuclear physics / High energy physics 

• Solid-state physics 

• Atomic, molecular and optical (AMO) physics

✓ Physical Review C & Physical Review D

Which Physical Review?

How about Physical Review E ? ・・・Topological soft matter, Topological origami

In this conference, we cover:

✓ Physical Review B

✓ Physical Review A 
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What is AMO?

�3

AMO physics studies atoms, molecules, and light using laser 
High controllability of system parameters allows one to realize various Hamiltonians

• ultracold atoms • exciton-polaritons

report on the presence of higher-energy bands arising from
the coupling between higher-energy modes of the pillars. In
particular, we observe a nondispersive band in which
polaritons have an infinite effective mass. The observation
of this flatband opens the way to the study of the interplay of
interactions, frustration, and spin dynamics in a novel
driven-dissipative framework.
Our structure is a Q ¼ 72000 λ=2 microcavity.

It is a Ga0.05Al0.95As layer surrounded by two
Ga0.05Al0.95As=Ga0.8Al0.2As Bragg mirrors with 28 (40)
top (bottom) pairs. Twelve GaAs quantum wells of 7 nm
width are inserted inside the cavity, yielding a 15 meV Rabi
splitting. Experiments are performed at 10 K and -17 meV
cavity-exciton detuning. We engineer a honeycomb lattice
of coupled micropillars by using electron beam lithography
and dry etching of the sample down to the GaAs substrate
[see Fig. 1(a)]. The diameter of each pillar is d ¼ 3 μm, and
the distance between two adjacent pillars (the lattice
constant), is a ¼ 2.4 μm. The etched cavity shows a
polariton lifetime of 27 ps at the bottom of the lower
polariton band. As the interpillar distance is smaller than
their diameter, the pillars spatially overlap [see Fig. 1(b)].
This results in a sizable polariton tunnel coupling between
adjacent micropillars via their photonic component [22].
For our structure, the tunnel coupling amounts to 0.25 meV.
The system is excited out of resonance with a Ti:Sapph
monomode laser at 730 nm, in a spot of 30 μm diameter
covering around 30 pillars. The photoluminescence is
collected through a high numerical aperture objective

(NA ¼ 0.65), dispersed in a spectrometer and detected by
a CCD camera on which we can image either the real or the
momentum space. Note that a chopper was used in the case
of high power excitation to avoid heating of the sample.
Under low-power excitation, incoherent relaxation of

polaritons results in the population of all the energy bands.
Note that for low power excitation polariton-polariton
interactions are negligible so that single particle physics
of the honeycomb lattice is probed. Figure 1(d) shows the
measured far field photoluminescence containing many
groups of bands, separated by energy gaps. The two lowest
bands (S bands) arise from the coupling between the
fundamental mode of the pillars (S modes). At higher
energy, we observe a group of four bands (P bands) arising
from the coupling between the first excited state of the
pillars, which is twice degenerate and has two lobes [22] [see
Fig. 1(e)]. The separation between these two groups of bands
is ΔE ¼ 3.2 meV, the energy difference between the two
lowest- energy states of the individual pillars. Above those
two groups of bands, many others can be seen arising from
the hybridization of higher energy modes of the pillars.
The two S bands stem from the coupling between

micropillar states which have a cylindrical symmetry
similar to that of the carbon Pz electronic orbitals in
graphene. Thus, we expect the two S bands to present
features analogous to the π and π" bands of graphene,
including six Dirac (contact) points [4] in the first Bz [see
Fig. 1(c)]. Figure 2(a) shows the measured emitted intensity
in momentum space at the Dirac points energy [zero energy
in Fig. 1(d)]. We observe the six Dirac points at the corner
of the first Bz (yellow points). The adjacent Bzs are also
seen. Figures 2(b) and 2(c) show the measured energy
resolved emission along the lines 1 and 2 indicated in
Fig. 2(a), passing through four and three Dirac linear
intersections respectively. As the confinement energy on
each site of the lattice is much larger than the tunneling
energy, the system is well described by the tight-binding
approximation. Including first- and second-neighbor tun-
neling, the following dispersion can be obtained [4],
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By fitting Eq. (1) to the data in Fig. 2 we extract a value of
the coupling between first and second neighbors of t ¼
0.25 and t0 ¼ −0.02 meV, respectively. The result of the fit
is shown in Fig. 2(b), and yields a group velocity v ¼
3at=2ℏ ¼ 1.3 × 106 m.s−1 around the Dirac points. Note
that the data shown in Fig. 2(b) do not belong to the first
Bz. If we perform the same measurement along line 3 in

FIG. 1 (color online). (a) Scanning electron microscope image
of a corner of the microstructure. One hexagon of pillars is
underlined with blue disks. The dark arrows show the growth axis
of the cavity. The overlap between pillars is sketched in (b).
(c) First Bz. (d) Measured momentum space energy resolved
photoluminescence at kx ¼ −2π=3a [line 0 in Fig. 2(a)], under
nonresonant low-power excitation. (e) Sketch of the real space
distribution of S and P modes in a single pillar.
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• photonics

(DOS) is obtained by averaging the local density of states over all resonator positions. The
experimental setup and the tight-binding description of the microwave artificial graphene are
detailed in [31].

The paper is organized as follows. In section 2, we first focus on zigzag and bearded
boundary geometries. We show experimentally how uniaxial strain acts as a switch between
zigzag and bearded edge states. Based on a tight-binding analysis, a diagram of the existence of
edge states is theoretically proposed. We recall in section 3 the topological origin of the three
types of the considered edge states, namely zigzag, bearded and armchair. A geometrical
analysis in the k-space allows to predict the presence of edge states and their evolution under
strain. Section 4 is dedicated to armchair geometries. A quantitative experimental and
theoretical analysis is done. The existence of a new type of state, appearing at the intersection of
two type of edges, namely the corner state, is eventually discussed.

2. Zigzag and bearded edges in honeycomb lattice under uniaxial strain

The lattice presented in figure 1(a) exhibits three different edges: armchair, zigzag and bearded.
We will consider ribbons uniaxially strained along one lattice axis (horizontal direction in
figures 2 and 6) where the strain changes one of the three nearest-neighbor couplings only. The
modified coupling is denoted by ′t and the anisotropy parameter by β = ′t t. Armchair edges
are along the strain axis and consequently will not support any edge state whatever the
anisotropy as will be discussed in section 3. Figure 1(b) shows a typical DOS measured in an
unstrained ribbon, i.e. β = 1 . The Dirac frequency νD is obtained by following the procedure
described in [31] and defines the frequency origin. The peak observed at the origin corresponds
to ‘zero-energy’ modes in the condensed-matter context; we will call them ’zero-modes’ in the
following. Experimentally, we can extract the intensity distributions by means of reflection
measurements (see [31] for details). Figure 2 shows the intensities of the wavefunctions
associated to zero-modes for different values of β: the zero-modes are all located along edges. In
the case of the unstrained lattice β = 1 , figure 2(b), the intensity is clearly distributed along both
zigzag and bearded boundaries. Then, the anisotropy parameter β controls the relative weight
between the two types of zero-modes. For β = 0.4 (figure 2(a)), bearded edges are dominant
whereas they are totally absent for β = 2.5 where only the zigzag edge is illuminated

Figure 1. (a) Picture of an unstrained artificial graphene ribbon with zigzag, bearded and
armchair edges. The lattice constant is 15mm. (b) Corresponding experimental density
of states (DOS). The arrow indicates the zero-modes appearing at the Dirac frequency
νD.
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We calculate the edge band structure by using a unit cell that is
periodic in the x direction but finite in the y direction, ending with two
‘zig-zag’ edges (infinite in the x direction). The zig-zag edge is one of
three typical edge terminations of the honeycomb lattice; the other two
are the ‘armchair edge’ and the ‘bearded edge’. Note that the presence
of chiral edge states can be derived using the bulk–edge correspond-
ence principle by calculating the Chern number4,5,17,29. In our sample
(see Fig. 1a), the top and bottom edges are zig-zag edges and the right
and left edges are armchair edges. The band structure of the zig-zag
edge is presented in Fig. 2a for the case where the waveguides are not
helical (R 5 0). There are two sets of states, one per edge. Their disper-
sion curves are flat and completely coincide (that is, they are degenerate
with one another), residing between kx 5 2p/3a and kx 5 4p/3a, occu-
pying one-third of kx space, where a 5 15

ffiffiffi
3
p

mm is the lattice constant.
The Floquet band structure when the lattice is helical with R 5 8mm is
shown in Fig. 2b. Here, the edge states are no longer degenerate, but
now have opposite slopes. Specifically, the transverse group velocity

(i.e., the group velocity in the (x–y) plane) on the top edge is now
directed to the right, and on the bottom edge to the left, corresponding
to clockwise circulations. However, there are no edge states whatsoever
circulating in the anti-clockwise direction. Hence, the edge states pre-
sented in Fig. 2b are the topologically protected edge states of a Floquet
topological insulator. The lack of a counter-propagating edge state on a
given edge directly implies that any edge-defect (or disorder) cannot
backscatter, as there is no backwards-propagating state available into
which to scatter, contrary to the case of R 5 0, where there are multiple
states into which scattering is possible. This is the essence of why topo-
logical protection occurs. The transverse group velocity (for brevity, we
henceforth drop ‘transverse’) of these edge states has a non-trivial
dependence on the helix radius, R. For small R, the group velocity of
the edge states increases, but eventually it reaches a maximum and
decreases again. Before the group velocity crosses zero, the Chern
number is calculated to be 21 (indicating the presence of a clockwise
edge state, as seen in Fig. 2b). However, after the group velocity crosses
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Figure 1 | Geometry and band structure of honeycomb photonic Floquet
topological insulator lattice. a, Microscope image of the input facet of the
photonic lattice, showing honeycomb geometry with ‘zig-zag’ edge
terminations on the top and bottom, and ‘armchair’ terminations on the left
and right sides. Scale bar at top right, 15mm. The yellow ellipse indicates the
position and shape of the input beam to this lattice. b, Sketch of the helical
waveguides. Their rotation axis is in the z direction, with radius R and period

Z. c, Band structure (b versus (kx, ky)) for the case of non-helical waveguides
comprising a honeycomb lattice (R 5 0). Note the band crossings at the Dirac
point. d, Bulk band structure for the photonic topological insulator: helical
waveguides with R 5 8mm arranged in a honeycomb lattice. Note the bandgap
opening up at the Dirac points (labelled with the red, double-ended arrow),
which corresponds to the bandgap in a Floquet topological insulator.
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Figure 2 | Dispersion curves of the edge states, highlighting the unique
dispersion properties of the topologically protected edge states for helical
waveguides in the honeycomb lattice. a, Band structure of the edge states on the
top and bottom of the array when the waveguides are straight (R 5 0). The
dispersion of both top and bottom edge states (red and green curves) is flat,
therefore they have zero group velocity. The bands of the bulk honeycomb lattice

are drawn in black. b, Dispersion curves of the edge states in the Floquet topological
insulator for helical waveguides with R 5 8mm: the band gap is open and the edge
states acquire non-zero group velocity. These edge states reside strictly within the
bulk band gap of the bulk lattice (drawn in black). c, Group velocity (slope of green
and red curves) versus helix radius, R, of the helical waveguides comprising the
honeycomb lattice. The maximum occurs at R 5 10.3mm.
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We next imaged the edge state for a system designed without a
phase slip; that is, the magnetic field was uniform over the entire
system. Figure 2 shows light propagation along the short
(Fig. 3a,c) and long (Fig. 3b,d) edges. Light was launched in a
specific frequency band v /J¼ 1.7+0.6 (21.7+0.6), corresponding

to the short (long) edge excitation. The physical transverse width of
the edge state was about one to two resonators, as observed both in
experiment and simulation. The width is slightly greater in the
experiment than in the numerical simulation due to the presence
of intrinsic disorder in the fabrication, which was ignored in the
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Figure 3 | Edge state propagation in a homogeneous magnetic field (8 3 8 array). a–d, Light enters from one corner and exits from the other. The
experiment shows that, depending on input frequency, the light takes the short edge (a) or the long edge (b). The experimental results (a,b) are in good
agreement with the simulation results (c,d). The simulation parameters are (kex, kin, J)¼ (31, 0.57, 26) GHz, which are extracted from experimental
measurement of simpler devices. e, SEM image of the system.
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Figure 4 | Edge state protection against a defect. a, SEM image showing that a resonator has been intentionally removed from the array. b,c, Topological
protection is observed in the experiment (b) as light propagating along the edge routes around the defect, in agreement with simulation (c). Parameters for
the simulation are as in Fig. 3.
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Outline
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1. Topological physics in ultracold atomic gases 

2. Topological physics in photonics 

3. Synthetic dimensions and higher dimensional topological effects
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Quantum simulation - ultracold atoms
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[Bloch group website @ MPQ, Munich]

[Bloch, Nat. Phys. 1, 23 (2005)]

Extreme controllability of the system: 
Can choose bosons, fermions, or both 
Can change interaction, underlying confinement (trap, lattice, box, etc…), spins, number of 
species, density, temperature, dimensionality, etc…

1995 : Realization of BEC - Colorado, Rice, MIT 
1999 : Realization of degenerate Fermi gas - Colorado 
1998, 2004 : Feshbach resonance - MIT, Colorado 
2002 : Superfluid - Mott insulator transition - Max-Planck
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Quantum simulation of topological models?
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How can one simulate topologically nontrivial models?  
How can one simulate quantum Hall effect? 
How can one simulate an effect of a magnetic field at all?

p2

2m
(p� eA)2

2m
?

p2

2m
�� · L =

1
2m

(p�m�� r)2 � 1
2
m (�� r)2

had diminished considerably. In several cases
we observed a single vortex near the conden-
sate center after 30 to 40 s (Fig. 4H). This
dwell time is much longer than that observed
for elongated clouds (1 to 2 s) (3) and for
nearly spherical condensates (15 s) (20). We
estimate that during its lifetime, the super-
fluid flow field near the central vortex core
had completed more than 500,000 revolu-
tions and the lattice itself had rotated !100
times.

A feature of the lattices is their almost per-
fect triangular shape. Deformations are less pro-
nounced than in theoretical calculations that
predicted circular distortions (13, 21). It was
shown (21) that a configuration with perfect
triangular symmetry can lower its energy by
rearranging the outermost ring of vortices into a
circle. This distortion is caused by the cylindri-
cal symmetry of rotation and not by boundary
effects (which were neglected in the calcula-
tions). In condensates of finite size and inho-
mogeneous density, one may expect even larger
distortions. However, in images containing
large numbers of vortices (Fig. 1, C and D), the
lattice is triangular throughout the condensate
even up to the edge. We have observed more
complex lattice configurations in a fraction of

the images. Some show patterns characteristic
of partial crystallization (Fig. 4B), dislocations
(Fig. 5A), and grain boundaries (Fig. 5B).

Our experiments may shed light on the
ongoing discussion of vortex formation (6).
A single vortex is expected to be thermody-
namically stable when the rotation frequency
exceeds (22)

"C !
5
2

#

MRr
2

ln !0.671Rr

$ " (2)

For our trap this yields a critical angular
frequency of # 2% & 6 Hz, or 0.08'r. Vor-
tices were only observed at rotation frequen-
cies much higher than "C. Some have sug-
gested that the critical frequency of # 0.7 'r

observed in other experiments was related to
the suppression of unstable excitations (so-
called anomalous modes) of rectilinear vorti-
ces (6, 23, 24). These anomalous modes de-
pend strongly on the aspect ratio of the trap.
Our observation of vortices at !0.25'r in
traps where the aspect ratio varied by a factor
of 2.7 seems to rule out a crucial role of the
anomalous modes, possibly because their fre-
quencies are lower for dense condensates.

Apart from stability conditions, vortices
must be nucleated. Several theoretical pa-

pers have discussed the barrier for the entry
of a vortex from the edge (6, 25, 26 ). The
condensate becomes unstable against sur-
face deformations when the stirring fre-
quency exceeds

"s ( minl)'l/l * (3)
where 'l is the frequency of a surface exci-
tation with angular momentum l in the axi-
symmetric trap (27, 28). For our condensates,
the instability is predicted to occur at l # 18,
yielding "s # 0.3'r, which is in fair agree-
ment with our observations (29). The insta-
bilities occur on a practical time scale only
when the cloud is sufficiently deformed to
excite high-l modes. In other experiments (3,
19), a sizable deformation was achieved only
by resonantly driving the l ( 2 mode near
0.7'r. In contrast, we strongly deformed the
condensate over a broad range of frequencies.
For such deformations, l is no longer a good
quantum number, allowing for coupling into
higher-order modes. Our technique is there-
fore well suited to studying the threshold for
vortex formation.

The surface instability criterion of Eq. 3
applies to rotational excitation. In the spirit of
our earlier stirring experiments on critical ve-
locities (14, 30), we also explored linear motion
of the stirrer. When we moved a small laser
beam (#10 +m in diameter) at a velocity of 2
mm/s once through the condensate along the
radial direction, we observed large lattices con-
taining # 50 vortices after an equilibration time
of 1 s, indistinguishable from those generated
with the rotating anisotropy. We assume that
imperfect alignment of the stirring beam im-
parted a torque on the condensate. However,
the mechanism of vortex formation warrants
further study.

Fig. 4. Formation and
decay of a vortex lat-
tice. The condensate
was rotated for 400 ms
and then equilibrated
in the stationary mag-
netic trap for various
hold times. (A) 25 ms,
(B) 100 ms, (C) 200 ms,
(D) 500 ms, (E) 1 s, (F)
5 s, (G) 10 s, and (H)
40 s. The decreasing
size of the cloud in (E)
to (H) reflects a de-
crease in atom number
due to inelastic colli-
sions. The field of view
is !1 mm by 1.15 mm.

Fig. 5. Vortex lattices with de-
fects. In (A), the lattice has a
dislocation near the center of
the condensate. In (B), there is a
defect reminiscent of a grain
boundary.

R E P O R T S

20 APRIL 2001 VOL 292 SCIENCE www.sciencemag.org478

 o
n 

M
ar

ch
 5

, 2
01

2
w

w
w

.s
ci

en
ce

m
ag

.o
rg

D
ow

nl
oa

de
d 

fro
m

 

eAcorresponds to

Example: rotate the system

Equivalent to having an effective magnetic field B = ��A =
2m

e
�



/25

Artificial magnetic field

�7Lin, Compton, Jiménez-García, Porto, and Spielman (NIST), Nature 462, 628 (2009)

F=1 hyperfine states of 87Rb

Consider when the internal degrees of freedom of an atom            depends on position|�(r)�

The total state is                        where             is the center-of-mass wavefunction�(r, t)�(r, t)|�(r)�

Assuming that the center-of-mass motion is adiabatic enough so that one stays in |�(r)�

i
�

�t
�(r, t) =

1
2m

�
�i�� i��(r)|�|�((r)�� �� �

�2

�(r, t) + Ṽ (r)�(r, t)

� A(r)：Berry connection
Acts as an  
artificial magnetic field
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Artificial magnetic fields on lattice
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In the presence of a periodic potential, when the lattice is sufficiently deep

p2

2m
+ V (r) �J

�

<i,j>

c†jci + h.c. tight-binding model

In the presence of a magnetic field

(p�A)2

2m
+ V (r) �J

�

<i,j>

ei
R rj
ri

A·drc†jci + h.c.

Magnetic field appears as the Peierls phase in tight-binding models

Peierls phase

�

E

�

406 M. Aidelsburger et al. / C. R. Physique 19 (2018) 394–432

Fig. 6. Laser-induced tunneling in an optical lattice. (a) Schematic drawing of a 2D spin-dependent optical lattice, where atoms in states |g⟩ and |e⟩ are 
trapped in an alternating manner along the x direction. Along y, tunneling is determined by the hopping matrix element J , while along x, it is induced 
via additional laser beams. The resulting effective hopping matrix element K (R) is generally complex and it depends on the position R in the lattice. 
(b) Illustration of Raman-assisted tunneling, where two internal states |g⟩ and |e⟩ are trapped in different lattice potentials V g,e(x) and are coupled with 
near-resonant lasers to realize K (R). (c) Laser-assisted tunneling in a superlattice potential with sublattices A and B . Tunneling is inhibited by a potential 
energy offset ! and can be resonantly restored by far-detuned laser beams to engineer complex hoppings K (R).

used. Both proposal thereby rely on the idea that an additional potential is needed in order to split the degeneracy in the 
resonance condition for the induced tunnel couplings |g⟩ → |e⟩ and |e⟩ → |g⟩ so as to control the sign of the induced phase.

Alternatively, the scheme can be implemented with a single internal state upon introducing potential energy offsets !R
between neighboring sites in the lattice (Fig. 6c). If this energy offset is large compared to the tunneling, !R ≫ J , the 
dynamics along the corresponding lattice axis will be frozen. Resonant tunneling can then be restored with an additional 
pair of laser beams whose frequency difference matches the energy offset between neighboring sites [63 ,169]. The resulting 
flux is then computed in a similar manner α = δkya/(2π), where δk is the wavevector difference between the two driving 
laser beams. In this scheme, the relevant energy scales can be on the same order of magnitude ! ∼ J and it may be 
advantageous to describe the explicitly time-dependent system in the Floquet formalism (see Section 2.3 and Ref. [59]). Since 
only one internal state of the atom is involved in this scheme, it is typically referred to as photon-assisted or laser-assisted 
tunneling. Depending on the spatial profile of the additional potential energy used to inhibit tunneling, different flux patterns 
can be realized. An alternating energy offset !R = (−1)m!, where m labels the lattice site R = mdx (Fig. 6c), leads to a 
staggered flux pattern with zero mean [170]. Instead, a linear potential gradient !R = m! results in homogeneous effective 
magnetic fields [66,65,171,172,69]. This led to the observation of chiral Meissner-like currents in bosonic flux ladders [171], 
but also to the first cold-atom measurement of the topologically-invariant Chern number [67], which was achieved by 
loading bosonic atoms into the lowest Hofstadter band for α = 1/4; this topological transport experiment was performed by 
measuring the center-of-mass displacement of the atomic cloud in response to an applied force [173 –175]. In both schemes 
the strength of the effective magnetic fields depends only on the term kya, which can be tuned easily by changing the 
angle between the Raman laser and the underlying lattice potential or by changing the ratio between the wavevector of the 
Raman laser and the lattice constant. Therefore, it is fully tunable by changing the geometry of the configuration. Similar 
theoretical proposals have been put forward for trapped ions, where the complex coupling is engineered via an induced 
coupling of phonon modes [64,176].

The topological properties of the 2D Harper–Hofstadter model can be further studied in a dynamical way, through the 
implementation of topological pumps in 1D [177–179]. These ideas have been successfully realized in photonic systems 
[180–182] and ultracold atoms [183 –186], and recently enabled studies of 4D quantum Hall physics based on 2D topological 
pumping [187,188].

4.1.4. Ring-resonator arrays
The Harper–Hofstadter model can also be realized in photonic systems that consist of a network of ring resonators 

[189]. In this setting, one lattice site consists of a ring resonator and the spin is encoded in the propagation direction 
in the ring. Using waveguides these ring resonators can be coupled to neighboring resonators as discussed in Ref. [190]. 
Restricting the discussion to a single spin component and neglecting spin mixing, the network can be described with a 
transfer matrix formalism which relates the wave amplitudes between neighboring resonators. The couplings are treated in 
a more abstract way through reflection and transmission coefficients, which is more general than a tight-binding description 
and works also in the strong-coupling regime. Interestingly, when applying this formalism, one finds that the network 
hosts a topological insulating phase, even without the usual addition of a tight-binding flux. While in the tight-binding 
description this zero-field case corresponds to a topologically trivial phase [190], there exists a topological insulator in the 
strong-coupling regime [189]. A nice advantage of the transfer matrix formalism is that it is relatively easy to include gain 
and loss in the system. This topological regime of a network without additional tight-binding flux was explored recently in 
a MW network [191] via the implementation of a topological pump.

An experimental implementation of the ring resonator network with tunable tight-binding flux was reported by Hafezi 
et al. [192] based on silicon technology. In this setup, the effective magnetic field is realized via asymmetric placements of 

Harper-Hofstadter model:
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Topological lattices in ultracold atoms
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NATURE PHYSICS DOI: 10.1038/NPHYS3171 LETTERS
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Figure 1 | Schematics of the all-optical experimental set-up used to
generate a uniform artificial magnetic field and the Chern-number
measurement. a, The set-up consists of a two-dimensional optical lattice
with lattice constant a=�s/2 and tunnel couplings Jx, Jy between
neighbouring sites. Bare tunnelling is inhibited along x by a staggered
potential, creating an o�set � between grey and white sites. Two further
pairs of laser beams (red and blue arrows), with wavevectors
|kij|'kL =⇡/(2a) (i={r,b} and j={1,2}) and resonant frequency di�erence
!i=!i2 �!i1 =±�/~, are used to restore tunnelling. Each pair consists of
two beams, one running-wave (along y) and one retro-reflected beam
(along x, arrows with lighter shading). Tunnelling on red and blue links is
controlled independently by the i= r and i=b beams, respectively, hence
generating a rectified flux � =⇡/2 per plaquette (aligned along �êz). The
magnetic unit cell (grey shaded area) is four times larger than the usual
lattice unit cell. b, The Chern number is extracted from the transverse
displacement of the atomic cloud in response to an external force
generated by an optical gradient.

far-detuned laser beams, each pair generating a moving potential
of the form Vi(x , y , t) =  cos(kLx + 'i)cos(�kLy ± !t), where 
is the driving amplitude, kL = 2⇡/�L, and ! = �/~. The relative
phases'i are adjusted so as to control successive links independently
(Fig. 1a). In the high-frequency limit ~! � Jx , Jy , this system can
be described by an e�ective time-independent Hamiltonian27–31,
whose dominant contributions reproduce the Harper–Hofstadter
Hamiltonian (Methods)

Ĥ =�J
X

m,n

�
ein� â†

m+1,nâm,n + â†
m,n+1âm,n +h.c.

�
,� =⇡/2 (1)

where the Landau gauge was chosen to describe the system6. Here
âm,n(â†

m,n) annihilates (creates) a particle on site (m, n), where the
position in the lattice is defined as R=maêx + naêy , with m, n
integers and êx ,y the unit vectors. In the limit ��  , the e�ective
coupling strengths are given by J e�x ' Jx/(

p
2�) and J e�y ' Jy ;

the experimental parameters were chosen such that J e�x ⇡ J e�y ⌘ J .
Higher-order corrections to the e�ective Hamiltonian lead to a local
renormalization of the hopping along y , which for our experimental
parameters /(~!) can lead to modifications of the tunnelling up
to 0.3Jy (Methods and Supplementary Information). In the presence
of the e�ective flux � =⇡/2, the magnetic unit cell is four times
larger than the standard unit cell (Fig. 1a). Consequently the first
magnetic Brillouin zone (FBZ) is reduced, and the energy bands split
into four subbands3,6. Because the two middle bands touch at the
Dirac points (Fig. 2b), the energy spectrum is partitioned into three
isolated bands, labelled as Eµ, with Chern numbers ⌫µ. We stress
that the central ‘super-band’ contains twice the number of states as
compared to the other two bands.

To load the atoms into the lowest Hofstadter band, we developed
an experimental sequence using an auxiliary superlattice potential
(Methods), which introduces a staggered detuning � along both
directions: along x , the o�set between neighbouring sites is

increased away from the resonance condition to �+ �, whereas it
is simply given by � along y (Fig. 2a). Importantly, the unit cell of
the square lattice with staggered potentials along both directions
is equivalent to the magnetic unit cell of the Harper–Hofstadter
model; thus, the number of energy bands is preserved during the
loading sequence. For �>2J the topology of the bands is trivial, all
Chern numbers are zero, and the atoms populate the lowest band
(low-energy sites of the superlattice).When crossing the topological
phase transition at � = 2J , the spectral gaps close at a single point
in the FBZ and the system enters the topologically non-trivial
regime, where the lowest band E1 has a Chern number ⌫1 = +1.
Finally, for �=0 we realize the Harper–Hofstadter model with flux
� =⇡/2 (Fig. 2b).

Recently, severalmethodswere proposed to probe the topological
nature of energy bands with cold atoms, exploiting Bloch
oscillations and other transport measurements12,13,28. In the
presence of a constant force F= F êy , atoms on a lattice undergo
Bloch oscillations along the direction of the force; this longitudinal
motion is captured by the band velocity vbandµ = @kEµ/~. Moreover,
when the energy bands have non-zero Berry curvature, the cloud
also experiences a net perpendicular (Hall) drift (Fig. 1b); this
transverse motion is described by a further contribution to the
velocity, denoted vx

µ (ref. 32). For a particle in a state
��uµ(k)

↵
of the

µth band, this ‘anomalous’ contribution to the velocity reads

vx
µ(k)=�

F
~

⌦µ(k), ⌦µ = i
�⌦

@kx uµ|@ky uµ

↵
�
⌦
@ky uµ|@kx uµ

↵�

where ⌦µ(k) is the Berry curvature of the band32. The e�ects
associated with the anomalous velocity vx

µ can be isolated
by uniformly populating the bands, which averages out any
contribution from the band velocity,

R
@Eµ/@kx ,yd2k=0. This could

be directly realized with fermionic atoms by setting the Fermi
energy within a spectral gap13, in analogy with the integer quantum
Hall e�ect. Here we consider an incoherent distribution of bosonic
atoms, where the population within each band is homogeneous in
k-space, an assumption which has been validated independently
(Supplementary Information). In the absence of inter-band
transitions, the contribution of the µth band to the centre-of-mass
(COM) motion perpendicular to the force can be written in terms
of the Chern number of the µth band ⌫µ =

R
FBZ ⌦µd2k/(2⇡),

xµ(t)=�
4a2F
h

⌫µ t=�4a⌫µ

t
⌧B

where the factor 4a2 is the area of the magnetic unit cell (Fig. 1a)
and ⌧B =h/(Fa) is the characteristic timescale for Bloch oscillations.
In our experiments, we applied an optical dipole force along y
(Methods) andmeasured the COM-evolution of the atomic cloud in
situ for opposite directions of the flux� , whichwere then subtracted
to obtain the di�erential shift x(t , �) � x(t , ��) = 2x(t). For
short evolution times, an almost linear di�erential displacement
is observed (Fig. 3a), whereas for longer times it saturates owing
to band repopulation (Fig. 3b,c). We note that the deflection
is symmetric with respect to the direction of the applied force
(black and grey data points in Fig. 3b), as expected from theory.
Furthermore, we measured the COM-motion for � = 0 (light
blue data points in Fig. 3b) and for a staggered-flux distribution
(dark blue data points in Fig. 3b); neither measurement shows any
significant displacement, which is consistent with a Chern number
of zero (Methods).

The band-mapping sequence, which is basically the reversed
loading sequence as illustrated in Fig. 2b, allows us to measure
the band populations of the di�erent Hofstadter bands during the
dynamics (Fig. 3c). For large detuning �, tunnelling is inhibited
along both directions and the populations of the Hofstadter bands
map onto those of the two-dimensional superlattice, where standard
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Experimental realization of the topological Haldane
model with ultracold fermions
Gregor Jotzu1, Michael Messer1, Rémi Desbuquois1, Martin Lebrat1, Thomas Uehlinger1, Daniel Greif1 & Tilman Esslinger1

The Haldane model on a honeycomb lattice is a paradigmatic example
of a Hamiltonian featuring topologically distinct phases of matter1.
It describes a mechanism through which a quantum Hall effect can
appear as an intrinsic property of a band structure, rather than being
caused by an external magnetic field2. Although physical implemen-
tation has been considered unlikely, the Haldane model has provided
the conceptual basis for theoretical and experimental research explor-
ing topological insulators and superconductors2–6. Here we report
the experimental realization of the Haldane model and the charac-
terization of its topological band structure, using ultracold fermi-
onic atoms in a periodically modulated optical honeycomb lattice.
The Haldane model is based on breaking both time-reversal symmetry
and inversion symmetry. To break time-reversal symmetry, we intro-
duce complex next-nearest-neighbour tunnelling terms, which we
induce through circular modulation of the lattice position7. To break
inversion symmetry, we create an energy offset between neighbour-
ing sites8. Breaking either of these symmetries opens a gap in the band
structure, which we probe using momentum-resolved interband tran-
sitions. We explore the resulting Berry curvatures, which character-
ize the topology of the lowest band, by applying a constant force to
the atoms and find orthogonal drifts analogous to a Hall current.
The competition between the two broken symmetries gives rise to a
transition between topologically distinct regimes. By identifying the
vanishing gap at a single Dirac point, we map out this transition line
experimentally and quantitatively compare it to calculations using
Floquet theory without free parameters. We verify that our approach,
which allows us to tune the topological properties dynamically, is suit-
able even for interacting fermionic systems. Furthermore, we propose
a direct extension to realize spin-dependent topological Hamiltonians.

In a honeycomb lattice that is symmetric under time-reversal and inver-
sion, the two lowest bands are connected at two Dirac points. Each broken
symmetry leads to a gapped energy spectrum. F. D. M. Haldane realized
that the resulting phases are topologically distinct1: A broken inversion
symmetry (IS), caused by an energy offset between the two sublattices,
leads to a trivial band insulator at half-filled lattice sites. Time-reversal
symmetry (TRS) can be broken by complex next-nearest-neighbour tunnel
couplings (Fig. 1a). The corresponding staggered magnetic fluxes sum
up to zero in one unit cell, thereby preserving the translation symmetry
of the lattice. This gives rise to a topological Chern insulator, where a non-
zero Hall conductance appears despite the absence of a net magnetic
field1,2. When both symmetries are broken, a topological phase transi-
tion connects two regimes with a distinct topological invariant, the Chern
number, which changes from 0 to 11 or to 21; see Fig. 1b. There, the
gap closes at a single Dirac point. These transitions have attracted great
interest because they cannot be described by Landau’s theory of phase
transitions, owing to the absence of a changing local order parameter6.

A crucial experimental challenge for the realization of the Haldane
model is the creation of complex next-nearest-neighbour tunnelling. Here
we show that this is possible with ultracold atoms in optical lattices peri-
odically modulated in time. Pioneering experiments with bosons showed
a renormalization of existing tunnelling amplitudes in one dimension9,10,
and were extended to control tunnelling phases11,12 and higher-order

tunnelling13. In higher dimensions this allowed the study of phase
transitions14,15, and topologically trivial staggered fluxes were realized16,17.
Furthermore, uniform flux configurations were observed using rotation
and laser-assisted tunnelling18,19, although for the latter method, heating
seemed to prevent the observation of a flux in some experiments20. In a
honeycomb lattice, a rotating force, as proposed by T. Oka and H. Aoki,
can induce the required complex tunnelling7. Using arrays of coupled
waveguides, a classical version of this proposal was used to study topo-
logically protected edge modes in the inversion-symmetric regime21. We
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Figure 1 | The Haldane model. a, Tight-binding model of the honeycomb
lattice realized in the experiment. An energy offset DAB between sublattice
A and B breaks IS. Nearest-neighbour tunnel couplings tij have real values,
whereas next-nearest-neighbour tunnelling eiWij t’ij carries tunable phases
indicated by arrows. i and j indicate the indices of the connected lattice sites.
For a detailed discussion of anisotropies and higher-order tunnelling terms,
see the Supplementary Information. The corresponding staggered magnetic
fluxes (sketched on the right) sum up to zero but break TRS. b, Topological
regimes of the Haldane model, for isotropic tij, t9ij 5 t9 and Wij 5 W. The trivial
(Chern number n 5 0) and Chern-insulating (n 5 6 1) regimes are connected
by topological transitions (black lines), where the band structure (shown on the
right) becomes gapless at a single Dirac point. c, Laser beam set-up forming
the optical lattice. The laser !X is frequency-detuned from the other beams.
Piezo-electric actuators sinusoidally modulate the retro-reflecting mirrors, with
a controllable phase difference Q. Acousto-optic modulators (AOMs) ensure
the stability of the lattice geometry (Methods). d, The resulting Brillouin zones
(BZ), featuring two Dirac points in quasi-momentum space q.
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Topological physics with ultracold gases
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• Measurement of Chern number 
Aidelsburger et al. (Munich), Nature Physics 11, 162 (2015). 

• Measurement of Zak phase, Berry phase 
Atala et al. (Munich), Nature Physics 9, 795 (2013); Duca et al. (Munich), Science 347, 288 (2015) 

• Detection of chiral edge state 
Mancini et al (Florence)., Science 349, 1510 (2015); Stuhl et al (Maryland)., Science 349, 1514 (2015). 

• Measurement of Berry curvature 
Li et al. (Munich), Science 352, 1094 (2016); Fläschner, et al. (Hamburg), Science 352, 1091 (2016).   

• Realization of Su-Schrieffer-Heeger model 
Meier et al. (Urbana), Nature communications 7, 13986 (2016).  

• Topological charge pumping 
Nakajima, et al. (Kyoto), Nature Physics 12, 296 (2016); Lohse et al. (Munich), Nature Physics 12, 350 (2016). 

• Observation of quantized circular dichroism  
Asteria et al. (Hamburg), arXiv:1805.11077.

Review: Cooper, Dalibard, & Spielman, “Topological Bands for Ultracold Atoms,” arXiv:1803.00249
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1. Topological physics in ultracold atomic gases 

2. Topological physics in photonics 

3. Synthetic dimensions and higher dimensional topological effects
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Band structure can be classically realized

�12

Tight-binding model can be realized classically. For example, consider a two-site model

x1 x2

Consider two pendula coupled via a spring

m
d2x1

dt2
= �m�2

1x1 + �(x2 � x1)

m
d2x2

dt2
= �m�2

2x2 + �(x1 � x2)

Eigenfrequencies are determined by the eigenvalues of this matrix

1

d2

dt2

✓
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1ĉ2 + V1ĉ
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2ĉ2

=
�
ĉ
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ĉ1

ĉ2
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Eigen-energies are determined 
by the eigenvalues of this matrix

J
<latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit><latexit sha1_base64="sUw7tiBtF+H8EqwBLDH9JL5vMNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3hqwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8foIGMzg==</latexit>

V1
<latexit sha1_base64="BTRfsG7MuUcz7Tb1mYDXTk3FGhE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodX3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB9fVjX4=</latexit><latexit sha1_base64="BTRfsG7MuUcz7Tb1mYDXTk3FGhE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodX3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB9fVjX4=</latexit><latexit sha1_base64="BTRfsG7MuUcz7Tb1mYDXTk3FGhE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodX3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB9fVjX4=</latexit><latexit sha1_base64="BTRfsG7MuUcz7Tb1mYDXTk3FGhE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodX3+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHVR872af39Zrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB9fVjX4=</latexit>

V2
<latexit sha1_base64="NdtrmwDhkKHNNnS1oER0xSZxDQA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoT2oDcoVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814bWfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZWY1/</latexit><latexit sha1_base64="NdtrmwDhkKHNNnS1oER0xSZxDQA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoT2oDcoVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814bWfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZWY1/</latexit><latexit sha1_base64="NdtrmwDhkKHNNnS1oER0xSZxDQA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoT2oDcoVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814bWfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZWY1/</latexit><latexit sha1_base64="NdtrmwDhkKHNNnS1oER0xSZxDQA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoT2oDcoVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814bWfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmnXqp5b9e6vKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZWY1/</latexit>



/25

Optical resonators and tight-binding model

�13

(DOS) is obtained by averaging the local density of states over all resonator positions. The
experimental setup and the tight-binding description of the microwave artificial graphene are
detailed in [31].

The paper is organized as follows. In section 2, we first focus on zigzag and bearded
boundary geometries. We show experimentally how uniaxial strain acts as a switch between
zigzag and bearded edge states. Based on a tight-binding analysis, a diagram of the existence of
edge states is theoretically proposed. We recall in section 3 the topological origin of the three
types of the considered edge states, namely zigzag, bearded and armchair. A geometrical
analysis in the k-space allows to predict the presence of edge states and their evolution under
strain. Section 4 is dedicated to armchair geometries. A quantitative experimental and
theoretical analysis is done. The existence of a new type of state, appearing at the intersection of
two type of edges, namely the corner state, is eventually discussed.

2. Zigzag and bearded edges in honeycomb lattice under uniaxial strain

The lattice presented in figure 1(a) exhibits three different edges: armchair, zigzag and bearded.
We will consider ribbons uniaxially strained along one lattice axis (horizontal direction in
figures 2 and 6) where the strain changes one of the three nearest-neighbor couplings only. The
modified coupling is denoted by ′t and the anisotropy parameter by β = ′t t. Armchair edges
are along the strain axis and consequently will not support any edge state whatever the
anisotropy as will be discussed in section 3. Figure 1(b) shows a typical DOS measured in an
unstrained ribbon, i.e. β = 1 . The Dirac frequency νD is obtained by following the procedure
described in [31] and defines the frequency origin. The peak observed at the origin corresponds
to ‘zero-energy’ modes in the condensed-matter context; we will call them ’zero-modes’ in the
following. Experimentally, we can extract the intensity distributions by means of reflection
measurements (see [31] for details). Figure 2 shows the intensities of the wavefunctions
associated to zero-modes for different values of β: the zero-modes are all located along edges. In
the case of the unstrained lattice β = 1 , figure 2(b), the intensity is clearly distributed along both
zigzag and bearded boundaries. Then, the anisotropy parameter β controls the relative weight
between the two types of zero-modes. For β = 0.4 (figure 2(a)), bearded edges are dominant
whereas they are totally absent for β = 2.5 where only the zigzag edge is illuminated

Figure 1. (a) Picture of an unstrained artificial graphene ribbon with zigzag, bearded and
armchair edges. The lattice constant is 15mm. (b) Corresponding experimental density
of states (DOS). The arrow indicates the zero-modes appearing at the Dirac frequency
νD.
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Assume each resonator hosts localized mode E0(r)
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Align resonators in positions　　to form a lattice 

The total electromagnetic field can be written as

E(r, t) =
X

Ri

ai(t)E0(r�Ri)
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The coefficients ai(t)  evolve in time with suitable coupling constants:

This is exactly the Heisenberg equation of motion of “quantum mechanical” tight-binding 
model

i
@ai(t)

@t
= �

X

Rj

tijaj(t)
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Tight-binding models naturally appear in photonic 
resonators



/25

Harper-Hofstadter model with light

�14

Hafezi, et al. (JQI), Nature Photonics 7, 907 (2011).

objective and an InGaAs infrared camera (640 × 512 pixel grid with
a 25 mm pitch; Fig. 1c). Such a set-up allowed us to measure the rela-
tive amount of light scattered from each site26. Transmission
through the device was measured using an optical vector analyser
(Luna Technologies OVA 5000).

To describe the essence of the scheme, we considered a single
plaquette of our lattice, which consisted of four site resonators
and four link resonators in the form of rounded rectangles
(Fig. 1a). The link and site resonators were coupled to one
another through directional couplers, so photons circulating in
one direction in the site resonators only coupled with each other
and with photons circulating in the opposite direction in the link
resonators. The effective length of the link resonators was chosen
to be larger than that of the site resonators by 2h, so that the
links and sites were resonant at different frequencies.
Consequently, a photon resonant with the site resonators spent sub-
stantially more time in the sites than in the links. We associate the
clockwise photons in site resonators with the up-component of a
pseudo-spin. By virtue of time-reversal symmetry, the pseudo-
spin-down component (anticlockwise photons in the site resona-
tors) is degenerate with the pseudo-spin-up component. For the
moment, we focus on the spin-up component. Depending on the
positioning of the links, the photon acquires a different phase
hopping forwards than backwards. In particular, the hopping
process between sites 1 and 2 in Fig. 1a is described by
â†

2â1e−if12 + â†
1â2eif12 , where âi is the creation operator of a

photon at site i. The phase arises from an offset of the link wave-
guides from the symmetric point (defined as equal amounts of
additional length above and below the directional coupler).
Specifically, the additional phase is given by the optical length
f12¼ 4pnx12/l, where n is the index of refraction, x12 is the position
shift of the link resonator, and l is the wavelength of the light. Note
that the additional length h and position shifts away from the sym-
metric point are designed to keep the lengths of the directional cou-
plers, the geometry of their coupling regions, and their coupling
efficiencies invariant (Fig. 1a). Thus, the overall Hamiltonian
describing photon hopping in the plaquette can be written as

− J â†
2â1e−if12 + â†

3â2 + â†
4â3eif34 + â†

1â4

[ ]
+ h.c. (1)

where J is the tunnelling rate and the photon going anticlockwise
around the plaquette acquires a 2pa phase (where a¼
2n(x342 x12)/l) and h.c. is the Hermitian conjugate. If the phase

per plaquette is uniform over a region, the photonic dynamics are
equivalent to those of charged particles in a uniform perpendicular
magnetic field9. Such a system is predicted to exhibit edge states
at the boundaries of that region27,28. In a photonic system, such
edge states can be excited by driving the system in specific
frequency bands.

To verify that the expected edge physics arises entirely from our
synthetic gauge field, we first designed a phase slip between 10 × 4
stripes, as shown in Fig. 1b. This results in magnetic domains that
are entirely due to passive, and controlled, interference effects.
The resulting edge states of the system then follow along the edge
of the magnetic domains induced by this phase slip (Fig. 1b),
rather than the physical edge of the system (Supplementary
Section S2). The effective uniform magnetic field in the stripe is
given by a≈ 0.15. The dispersion of the system is shown in
Fig. 2a, where the edge-state bands are shown between magnetic
bulk bands. The light is coupled to the two-dimensional ring reso-
nators using a bent waveguide at the two bottom corners (Fig. 1b).
Depending on the pumping direction, the two different pseudo-spin
components can be excited, for example, coupling light into the
system at port 1 (2), pumps the system in the spin-up (spin-
down) component.

Results
As a demonstration of the scheme we measured the transmission
spectrum of the two-dimensional system through various ports and
compared it with our simulation (Fig. 2). We first characterized the
different system parameters using simpler devices including a notch
filter (single resonator coupled to a waveguide) and an add/drop
filter (single resonator coupled to two waveguides) fabricated on the
same chip to allow for calibration and characterization of the wave-
guides and resonators (Supplementary Section S2). We estimated
the probing waveguide–resonator coupling rate (kex ≈ 15 GHz),
the intrinsic loss (kin ≈ 1 GHz) and the tunnelling rate between site
resonators (J ≈ 16 GHz), with all measurements within 2 nm of
the centre wavelength of 1,539 nm. Given these parameters, we simu-
lated a 10 × 10 lattice using the transfer matrix formalism
(Supplementary Section S2) (Fig. 2a). We also considered a random
onsite impurity shift of the resonance frequency with a standard devi-
ation of 0.8J. In a lossless system, the transmission spectrum for the
spin-down (T12) and spin-up (T34) should be identical, although
they may take different paths. However, the presence of loss breaks
this symmetry. We observed a qualitative agreement between simu-
lation and experiment (Fig. 2b,c).
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objective and an InGaAs infrared camera (640 × 512 pixel grid with
a 25 mm pitch; Fig. 1c). Such a set-up allowed us to measure the rela-
tive amount of light scattered from each site26. Transmission
through the device was measured using an optical vector analyser
(Luna Technologies OVA 5000).

To describe the essence of the scheme, we considered a single
plaquette of our lattice, which consisted of four site resonators
and four link resonators in the form of rounded rectangles
(Fig. 1a). The link and site resonators were coupled to one
another through directional couplers, so photons circulating in
one direction in the site resonators only coupled with each other
and with photons circulating in the opposite direction in the link
resonators. The effective length of the link resonators was chosen
to be larger than that of the site resonators by 2h, so that the
links and sites were resonant at different frequencies.
Consequently, a photon resonant with the site resonators spent sub-
stantially more time in the sites than in the links. We associate the
clockwise photons in site resonators with the up-component of a
pseudo-spin. By virtue of time-reversal symmetry, the pseudo-
spin-down component (anticlockwise photons in the site resona-
tors) is degenerate with the pseudo-spin-up component. For the
moment, we focus on the spin-up component. Depending on the
positioning of the links, the photon acquires a different phase
hopping forwards than backwards. In particular, the hopping
process between sites 1 and 2 in Fig. 1a is described by
â†

2â1e−if12 + â†
1â2eif12 , where âi is the creation operator of a

photon at site i. The phase arises from an offset of the link wave-
guides from the symmetric point (defined as equal amounts of
additional length above and below the directional coupler).
Specifically, the additional phase is given by the optical length
f12¼ 4pnx12/l, where n is the index of refraction, x12 is the position
shift of the link resonator, and l is the wavelength of the light. Note
that the additional length h and position shifts away from the sym-
metric point are designed to keep the lengths of the directional cou-
plers, the geometry of their coupling regions, and their coupling
efficiencies invariant (Fig. 1a). Thus, the overall Hamiltonian
describing photon hopping in the plaquette can be written as

− J â†
2â1e−if12 + â†

3â2 + â†
4â3eif34 + â†

1â4

[ ]
+ h.c. (1)

where J is the tunnelling rate and the photon going anticlockwise
around the plaquette acquires a 2pa phase (where a¼
2n(x342 x12)/l) and h.c. is the Hermitian conjugate. If the phase

per plaquette is uniform over a region, the photonic dynamics are
equivalent to those of charged particles in a uniform perpendicular
magnetic field9. Such a system is predicted to exhibit edge states
at the boundaries of that region27,28. In a photonic system, such
edge states can be excited by driving the system in specific
frequency bands.

To verify that the expected edge physics arises entirely from our
synthetic gauge field, we first designed a phase slip between 10 × 4
stripes, as shown in Fig. 1b. This results in magnetic domains that
are entirely due to passive, and controlled, interference effects.
The resulting edge states of the system then follow along the edge
of the magnetic domains induced by this phase slip (Fig. 1b),
rather than the physical edge of the system (Supplementary
Section S2). The effective uniform magnetic field in the stripe is
given by a≈ 0.15. The dispersion of the system is shown in
Fig. 2a, where the edge-state bands are shown between magnetic
bulk bands. The light is coupled to the two-dimensional ring reso-
nators using a bent waveguide at the two bottom corners (Fig. 1b).
Depending on the pumping direction, the two different pseudo-spin
components can be excited, for example, coupling light into the
system at port 1 (2), pumps the system in the spin-up (spin-
down) component.

Results
As a demonstration of the scheme we measured the transmission
spectrum of the two-dimensional system through various ports and
compared it with our simulation (Fig. 2). We first characterized the
different system parameters using simpler devices including a notch
filter (single resonator coupled to a waveguide) and an add/drop
filter (single resonator coupled to two waveguides) fabricated on the
same chip to allow for calibration and characterization of the wave-
guides and resonators (Supplementary Section S2). We estimated
the probing waveguide–resonator coupling rate (kex ≈ 15 GHz),
the intrinsic loss (kin ≈ 1 GHz) and the tunnelling rate between site
resonators (J ≈ 16 GHz), with all measurements within 2 nm of
the centre wavelength of 1,539 nm. Given these parameters, we simu-
lated a 10 × 10 lattice using the transfer matrix formalism
(Supplementary Section S2) (Fig. 2a). We also considered a random
onsite impurity shift of the resonance frequency with a standard devi-
ation of 0.8J. In a lossless system, the transmission spectrum for the
spin-down (T12) and spin-up (T34) should be identical, although
they may take different paths. However, the presence of loss breaks
this symmetry. We observed a qualitative agreement between simu-
lation and experiment (Fig. 2b,c).
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We next imaged the edge state for a system designed without a
phase slip; that is, the magnetic field was uniform over the entire
system. Figure 2 shows light propagation along the short
(Fig. 3a,c) and long (Fig. 3b,d) edges. Light was launched in a
specific frequency band v /J¼ 1.7+0.6 (21.7+0.6), corresponding

to the short (long) edge excitation. The physical transverse width of
the edge state was about one to two resonators, as observed both in
experiment and simulation. The width is slightly greater in the
experiment than in the numerical simulation due to the presence
of intrinsic disorder in the fabrication, which was ignored in the
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Imaging topological edge states in
silicon photonics
M. Hafezi*, S. Mittal, J. Fan, A. Migdall and J. M. Taylor

Topological features—global properties not discernible locally—emerge in systems ranging from liquid crystals to magnets
to fractional quantum Hall systems. A deeper understanding of the role of topology in physics has led to a new class of
matter—topologically ordered systems. The best known examples are quantum Hall effects, where insensitivity to local
properties manifests itself as conductance through edge states that is insensitive to defects and disorder. Current research
into engineering topological order primarily focuses on analogies to quantum Hall systems, where the required magnetic
field is synthesized in non-magnetic systems. Here, we realize synthetic magnetic fields for photons at room temperature,
using linear silicon photonics. We observe, for the first time, topological edge states of light in a two-dimensional system
and show their robustness against intrinsic and introduced disorder. Our experiment demonstrates the feasibility of using
photonics to realize topological order in both non-interacting and many-body regimes.

Charged particles in two-dimensional structures with a mag-
netic field exhibit a remarkable range of macroscopic
quantum phenomena, including integer1 and fractional

quantum Hall effects2 and quantum spin Hall effects3, and the
emergence of particles with fractional statistics (so-called anyons)
is predicted theoretically4. Despite great success in electronic
systems, advances in experimental efforts have been hampered by
stringent experimental requirements such as purity. Recently,
neutral ultracold gases have been studied both theoretically and
experimentally for the observation of these effects5–8. Ultracold
atomic systems are advantageous because they provide tools for
the in situ control of most parameters describing quantum Hall
systems. However, a strong effective magnetic field remains
elusive. In contrast, photons, which avoid many of these experimen-
tal difficulties, provide a new avenue for the investigation of
quantum Hall physics at room temperature. Arrays of coupled
optical resonators provide a toolbox, in the context of quantum
simulation, to engineer several classes of Hamiltonians and allow
the direct observation of the wavefunction. Furthermore, such
photonic systems might find applications in optical devices such
as filters, switches and delay lines by exploiting topological robust-
ness9. Here, we report the first implementation of a magnetic-like
Hamiltonian in a two-dimensional photonic system and present
the direct observation of robust edge states—the hallmark of
topological order.

Many proposals for implementing magnetic-like Hamiltonians
in photonic systems require an external field such as a large mag-
netic field10,11, strain12, harmonic modulation13 or optomechani-
cal-induced non-reciprocity14. However, it has been shown that
using an external field is not necessary. Instead, by using either a
polarization scheme15, differential optical paths9 or bi-anisotropic
metamaterials16, one can achieve a magnetic-like Hamiltonian in
direct analogy to a spin–orbit interaction in electronic systems17.
Topological states of light have also been explored in one-dimen-
sional photonic systems18. Moreover, such systems could have
direct applications in silicon photonics9,13. Specifically, we
implement a synthetic gauge potential using an induced pseudo-
spin–orbit interaction where a time-reversed pair of resonator

modes (clockwise and anticlockwise circulation) acts as a pseudo-
spin. Owing to the large size of the resonators (several tens of micro-
metres), such photonic implementation of a magnetic-like
Hamiltonian allows the direct observation of the wavefunction via
optical imaging. We made three primary experimental observations:
(1) light propagates along the system edges where the boundaries are
defined as either the magnetic domains or the physical edges; (2) the
light propagation profile of the edge states remains unchanged over
a broad band, a signature of robustness against intrinsic disorder;
(3) edge-state propagation is robust against introduced disorder—
indeed, transport is not impeded even in the absence of a resonator
on the edge.

Experimental implementation
We fabricated a two-dimensional array of coupled optical-ring reso-
nators in which the design of the waveguides in the array allowed us
to simulate a magnetic field for photons using silicon-on-insulator
(SOI) technology19–25. High-Q ring resonators (Q . 1 × 104) were
fabricated on a SOI wafer with a 220-nm-thick layer of silicon on
top of a 2-mm-thick buried oxide (BOX) layer that isolated the
optical mode and prevented it from leaking to the substrate. The
cross-section of the waveguides, which forms the link and site reso-
nators, was designed to measure 510 nm × 220 nm to ensure single-
mode propagation of the transverse electric (TE) light (the electric
field in the slab plane) at the telecom wavelength (≈1.55 mm).
The typical air gaps for evanescent coupling between the site reso-
nators and the probing waveguides and link resonators were
chosen to be 180 nm and 200 nm, respectively. The 908 bending
radius of the rounded rectangles was chosen to be 6 mm to keep
the bending loss negligibly small24. The fabrication of silicon
chips was performed through ePIXfab, by the Leti-CEA and
IMEC facilities. The masks were made using deep-ultraviolet
193 nm photolithography and were etched in two steps
(70 nm/220 nm) for gratings and waveguides, respectively. The
process was followed by thermal oxidation (10 nm) to reduce the
surface roughness. In our experimental set-up, grating couplers were
used for input and output coupling to the device. Light scattered
from the resonators was spatially imaged using a ×25 microscope
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Quantum Hall effect with drive and dissipation

�15

Since photonic systems have dissipation, (Hall) current is usually not a good quantity to 
look at. 

Instead, one can look at the steady-state reached as a result of drive and dissipation

function of α shows a fractal structure known as
Hofstadter’s butterfly. In the following, we shall assume
that the magnetic flux has a rational α ¼ p=q value with
coprime integers p and q; in this case, we have q energy
bands of dispersion EiðkÞ, whose nontrivial topology is
apparent as the local Berry curvature ΩiðkÞ and the global
Chern number 2πCi ¼

R
MBZ d

2kΩiðkÞ are nonzero for
each of them, where the last integral is over the magnetic
Brillouin zone (MBZ) defined by ½−π=q; π=q% × ½−π; π%.
As we are considering a driven-dissipative photonic

lattice, we have to include the effect of pumping and losses
[1]. Losses are assumed to be local and uniform for all lattice
sites at a rate γ. The pumping field is taken to be mono-
chromatic with frequency ω0 and a spatial amplitude profile
fm;n. In the linear optics case under consideration here,
photons are noninteracting, so exact results are obtained
by the mean-field equations for the expectation values
am;nðtÞ ¼ hâm;nðtÞi. In the steady state, these evolve accord-
ing to the harmonic law am;nðtÞ ¼ am;ne−iω0t with time-
independent amplitudes am;n satisfying the linear system

J½amþ1 ;n þ am−1 ;n þ e−i2παmam;nþ1 þ ei2παmam;n−1 %
þ ½ω0 þ iγ − Fn%am;n ¼ fm;n; (2)

which can be numerically solved on a finite lattice. In the
following, we shall assume that only the central site (0,0) is
pumped: fm;n ¼ fδm;0δn;0.
This physics is illustrated in Fig. 1 starting from theF¼0

case with no external force: In Figs. 1(a) and 1(b), the
pump frequency is chosen within the lowest magnetic band
of α ¼ 1 =5 . As the loss rate γ is increased from γ ¼ 0.01 J
(a) to γ ¼ 0.02J (b), photons are able to travel over shorter
distances before decaying, so the photon intensity distri-
bution gets more and more spatially localized in the
vicinity of the pumped site: Rather than a hindrance, the
lossy nature of the system is here a useful tool to suppress
spurious effects due to the lattice edges. The exponential
localization effect is even more dramatic when the fre-
quency falls within a band gap [Fig. 1(c)], and the bands are
excited in a nonresonant way.
Measuring topological quantities.—The situation

becomes more interesting once we turn on the synthetic
electric field F ≠ 0 directed along the negative y direction:
From Fig. 1(d), it is apparent that the photon intensity
distribution is no longer centered at the pump position but
is significantly shifted in the leftward direction transverse
to the applied force. Examples of the dependence of the
transverse displacement of the center of mass hxi≡
½
P

m;nmjam;nj2%=½
P

m;njam;nj2% on the applied force F are
displayed in Fig. 1(e), where we plot hxi as a function of F
for a pump frequency within the lowest energy band of
α ¼ 1 =5 and two different loss values γ=J ¼ 0.05 and 0.08.
The displacement hxi grows linearly for small F; for the
parameters in the figure, this linear regime extends up
to jFj≲ 0.02J.

We now proceed to relate the slope of this linear
dependence to the topological properties of the band; a
single band description is legitimate, provided the pump
frequency ω0 falls within (or close to) an energy band and
γ is smaller than the band gap separating from the next
bands. In the linear regime, this gives the simple relation
between the displacement and the Berry curvature (a full
proof of (3) as well as its extension to more complex—e.g.,
honeycomb—lattices is given in Supplemental Material
[37])

hxi ¼ F

R
MBZ γΩðkÞnðkÞ2R

MBZ nðkÞ
; (3)

where nðkÞ ¼ ½ðω0 − EðkÞÞ2 þ γ2%−1 is the (normalized)
population distribution within the band under considera-
tion; EðkÞ andΩðkÞ are the energy dispersion and the local
Berry curvature, respectively, of the corresponding band.

FIG. 1 (color online). (a)–(d) Photon amplitude distribution
jam;nj on a 41 × 41 square lattice with α ¼ 1 =5 . The central sites
are pumped. The force F is zero for (a)–(c) and F ¼ 0.1 J for (d).
In (a),(b),(d), the pump frequency is tuned to ω0=J ¼ −2.95
within the lowest energy band; in (c), it is tuned to ω0=J ¼ −2.85
within a band gap. The loss rate is γ ¼ 0.01 J for (a),(c),(d) and
γ ¼ 0.02J for (b). The bright regions have higher intensity than
the dark regions. (e) Displacement hxi as a function of F, in units
of J, for a pump frequency ω0=J ¼ −2.95 with α ¼ 1 =5 . The
solid (blue) line is for γ=J ¼ 0.05 , and the dashed (green) line is
for γ=J ¼ 0.08.
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FIG. S1. (a) and (d) Schematic representation of the two dimerizations in the SSH model. The unit cell is indicated by the
gray rectangles. (b) and (e) Band structure associated to both dimerizations; the gray areas represent the spectral position of
the bands. The inset in Panel (e) shows the distribution of the wave-function (solid line) and of the envelope function (dashed
line) over the first six sites of the lattice for the gap state indicated by the filled circle. (c) and (f) Schematic representations of
the px and the py sub-spaces. Each sup-space exhibits a distinct dimerization determined by the orientation of the longitudinal
(tl) and transversal (tt) couplings at the edge of the chain. (g) Scanning electron microscopy (SEM) image of a zigzag chain
of coupled micropillars etched out of a cavity; the blue circles are added for visibility. The enlargement shows a schematic
representation of a single pillar embedding quantum wells (QWs) between distributed Bragg reflectors (DBRs). (h) Spectrally
resolved real space emission of an isolated micropillar showing s- and p-orbitals for polaritons (schematic representation of the
px,y modes is presented on the right side).

to the two possible dimerizations t > t
0 and t < t

0. The
di↵erent topology of these two phases is revealed by con-
sidering the winding W of the phase � (k) across the Bril-
louin zone:

W =
1

2⇡

Z

BZ

@� (k)

@k
dk (2)

which corresponds to the Zak phase divided by ⇡.
Although the value of W associated to either dimer-

ization depends on the definition of the unit cell, in finite
size chains the choice is unambiguous since t is defined by
the hopping amplitude between the first and second sites
of the chain. Under this definition, the t > t

0 or t < t
0

dimerizations exhibit respectively strong and weak cou-
pling between the edge pillars and the rest of the chain
(as depicted in Fig. S5 (a) and (d)), and correspond to
the trivial (W = 0) and non-trivial (W = 1) topologi-
cal phases20. Band structures calculated for chains of 20
sites exhibiting W = 0 and W = 1 are presented in Fig.
S5 (b) and (e), respectively. The most notable di↵erence
is the existence in the latter case of two states localized at
the center of the energy gap corresponding to topological
states localized at each end of the chain. The distribu-
tion of the wave-function over the first six pillars for the
eigenstate indicated by the filled circle, is presented in
the inset of Panel (e). Its envelope (dashed line) decays

as �n, where n is the unit cell number counted from the
edge and � = t/t

0.
To implement the SSH Hamiltonian, we consider the

collective photon modes of a 1-dimensional lattice of cou-
pled polariton micropillars. The photonic modes of a
single micropillar are confined in the three dimensions of
space leading to discrete energy levels: the ground state
(s) exhibits a cylindrical symmetry along the growth axis,
and the first excited states (px,y) present two degener-
ate antisymmetric orbitals orthogonal to each other (see
Fig. S5 (h)). The orbital version of the SSH model con-
sidered in this work relies on the coupling of these p-
orbitals in a one dimensional lattice of micropillars ar-
ranged in a zigzag configuration (Fig. S5 (g)).
In zigzag chains, px and py orbitals are respectively

oriented along the diagonal and anti-diagonal axes
(see Fig. S5 (c) and (f)), and the hopping amplitude
between consecutive micropillars strongly depends on
the orientation of the axis linking these pillars21. The
coupling is typically an order of magnitude stronger for
orbitals oriented along the hopping direction than for
orbitals oriented perpendicular to the hopping21. We
define these di↵erent hopping strengths as longitudinal
(tl) and transverse (tt), respectively. Note that px and
py form independent sub-spaces, as the symmetry of
the orbitals prevents the coupling between adjacent
orthogonal orbitals. Consequently, if we consider the
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to the two possible dimerizations t > t
0 and t < t

0. The
di↵erent topology of these two phases is revealed by con-
sidering the winding W of the phase � (k) across the Bril-
louin zone:

W =
1

2⇡

Z

BZ

@� (k)

@k
dk (2)

which corresponds to the Zak phase divided by ⇡.
Although the value of W associated to either dimer-

ization depends on the definition of the unit cell, in finite
size chains the choice is unambiguous since t is defined by
the hopping amplitude between the first and second sites
of the chain. Under this definition, the t > t

0 or t < t
0

dimerizations exhibit respectively strong and weak cou-
pling between the edge pillars and the rest of the chain
(as depicted in Fig. S5 (a) and (d)), and correspond to
the trivial (W = 0) and non-trivial (W = 1) topologi-
cal phases20. Band structures calculated for chains of 20
sites exhibiting W = 0 and W = 1 are presented in Fig.
S5 (b) and (e), respectively. The most notable di↵erence
is the existence in the latter case of two states localized at
the center of the energy gap corresponding to topological
states localized at each end of the chain. The distribu-
tion of the wave-function over the first six pillars for the
eigenstate indicated by the filled circle, is presented in
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FIG. S3. (a) Integrated intensity, and (b) linewidth (black
squares) and blueshift (blue circles) of the emission from the
topological edge state as a function of the excitation power.
The lasing threshold is indicated by the dashed red line. Ex-
citation is provided by an elongated sport centered over the
edge of the chain, similar to that depicted in Fig. S2 (b).
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orbital band gap is indicated by horizontal dashed lines. The
inset shows a spatial image of the PL at the energy of the
edge state (the position of the micropillars is indicated by
blue circles).

(see section 1 of Supplementary information).

Lasing in the topological edge state

One interesting feature of polariton micropillars in the
strong-coupling regime is the ability to trigger lasing in
excited states, such as the topological edge states de-
scribed above. This is possible thanks to the driven-
dissipative nature of cavity polaritons: the steady-
state lasing is determined by the interplay of pump-
ing intensity, nonlinear polariton relaxation and emission
lifetime26–28. Both the relaxation rate and the lifetime
are strongly influenced by the photon-exciton detuning29,
that is, the energy di↵erence between the bare photon
and exciton modes that couple to form polaritons.

To achieve polariton lasing in the edge states of our or-
bital SSH chain, we select an exciton-photon detuning of
-9.4 meV (see Methods), which favours relaxation of po-
laritons in the p-band states. Figure S3 (a), presents the
spatially-integrated PL intensity at the energy of the edge
state as a function of the excitation power. A non-linear
increase of the intensity is observed at a threshold power
of Pth = 32 mW, indicating the triggering of lasing in
the topological edge state. Simultaneously, the linewidth
of the emission collapses evidencing the increase of tem-
poral coherence characteristic of the lasing regime (blue
circles in Fig. S3 (b)). Energy resolved real-space im-
ages (Fig. S3 (d)) show that for P = 1.5Pth the emission
from the edge state completely overcomes that of the bulk
bands. The inset shows that the localization of the edge
state is well preserved in the lasing regime. The observed
energy blueshift in Fig. S3 (d) with respect to (c) (and
reported in (b) for all excitation powers) arises from the
presence of a reservoir of excitons injected by the exci-
tation laser that rigidly shifts the whole band structure
under the excitation spot (dashed lines show the position
of the central gap of the P-bands).
The fact that the chain lases preferentially at the

edge state rather than at the bulk P-bands states can
be explained by the localized character of this mode.
Indeed, polaritons in band states can propagate away
from the excitation spot, reducing their lifetime and
precluding lasing in these modes in favor of the confined
edge mode.

Robustness of topological lasing

We now investigate the robustness of the topological
lasing mode against local deformations of the lattice. The
SSH Hamiltonian (Eq. 1) presents a chiral symmetry,
that is, it anticommutes with the �z Pauli matrix. The
main consequence of this is that the topological mode
appears in the middle of the gap. Since this symmetry
is preserved when considering disorder in the hopping
strengths, the energy and localization of the topological
mode are immune to this type of disorder (see section 2 of
Supplementary information). Therefore, the kind of local
perturbations to which this mode is most sensitive to are
changes of on-site energies, which break the chiral sym-
metry, especially in the first lattice site since the strong
localization of the wave-function (Fig. S2 (d)) mitigates
the e↵ect of energy perturbations in other sites.
To evaluate theoretically the e↵ect of such energy per-

turbation in the first pillar, we add an on-site energy term
U1a

†
1a1 in the Hamiltonian presented in Eq. 1 (Fig. S4

(a)). By diagonalizing this perturbed Hamiltonian for
a chain of 20 pillars, we can evaluate the evolution of
the eigenergy and eigenfunction of the topological edge
mode in the py sub-space as a function of U1 (we used
tl= 1 meV and tt= 0.15 meV, which reproduce the ex-
perimentally observed P-bands and gap). The main ef-
fect of the perturbation U1 is to modify the energy of
the edge mode in the gap, as depicted in Fig. S4 (b).
Remarkably, its spatial localization is hardly a↵ected:

• Lasing in the topological edge state of SSH 
model in exciton-polariton micropillars
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Topological phase transitions in condensed matter have been 
studied extensively over the past decade. A key manifestation 
of these transitions is the emergence, at the frontier between 

materials exhibiting distinct topological phases, of localized states 
that are unaffected by disorder. One example of this topological 
protection is provided by chiral edge states at the surface of topo-
logical insulators that allow unidirectional transport immune to 
backscattering1.

Initially proposed by Haldane and Raghu2, the idea of extending 
topological arguments to the realm of photonics has recently trig-
gered considerable efforts to engineer optical devices that are unaf-
fected by local perturbations and fabrication defects3. For example, 
topological properties have been used to create polarization-depen-
dent unidirectional waveguides4, optical delay lines with enhanced 
transport properties5, backscattering-immune chiral edge states6–9 
and protected bound states related to parity-time symmetry10,11.

The emergence of edge states at the boundary between materials 
with distinct topological invariants provides an efficient way to cre-
ate localized photonic modes whose existence is protected by topol-
ogy9. Lasing in these kinds of modes would then be robust against 
fabrication defects, local deformations caused by temperature or 
other unstable ambient conditions and long-term degradation, all of 
which would otherwise result in the modification of the local optical 
potential12. The main difficulty that has prevented the observation 
of lasing in topological modes is the need to implement topological 
lattices in media exhibiting optical gain. In this sense, microcavity 
polaritons, mixed quasiparticules formed from the strong coupling 
between cavity photons and quantum well excitons13, provide a 
unique platform: they allow for single-mode lasing in single micro-
pillars14, low-threshold lasing in planar structures15,16—even at room 
temperature17,18—and for the engineering of topological properties 
in lattices of resonators19,20.

In this Article we report lasing in topological edge states of  
a one-dimensional lattice of coupled semiconductor micropillars. 
This lattice implements an orbital version of the Su–Schrieffer–
Heeger (SSH) model by coupling l =  1 polariton modes confined in 

a zigzag chain of micropillars. Under non-resonant optical pump-
ing, we show that gain occurs in the topological states localized at 
the edges of the chain. Then, taking advantage of polariton interac-
tions, we demonstrate the topological robustness of the lasing action 
against optically induced lattice deformations. These results open 
the way to the realization of topological lasers of arbitrary geometry, 
in which the lasing mode would be determined by the boundary 
between topologically distinct regions, regardless of its shape.

Orbital SSH model
To engineer topological edge states in a one-dimensional lattice, we 
implement an orbital version of the SSH model. The SSH model 
describes a one-dimensional lattice with two sites per unit cell and 
different intracell (t) and intercell (t′ ) hopping amplitudes. Within 
the tight-binding approximation, such a model is captured by a 
Hamiltonian with chiral symmetry (Supplementary Section 1):

∑ . .ˆ = ˆ ˆ + ′ ˆ ˆ +† †H ta b t a b h c (1)
j

j j j j

where l†aj  l†
b( )j  are the creation operators on the sublattice site aj (bj) 

in the jth unit cell. Its eigenstates form two bands (± ) in momentum 
space separated by a gap of magnitude 2|t −   t′ |. The eigenfunctions in 
the {a, b} sublattice basis take the form21 = ∕ ±ϕ

±
− †u e(1 2)( , 1)k

i k
,

( ) . 
Ĥ exhibits two topologically distinct phases associated with the two 
possible dimerizations t >  t′  and t <  t′ . The different topology of 
these two phases is revealed by considering the winding /  of phase 
φ(k) across the Brillouin zone21:

/ ∫ ϕ=
π

∂
∂

k
k

k1
2

( ) d (2)
BZ

which corresponds to the Zak phase divided by π .
Although the value of /  associated with either dimerization 

depends on the definition of the unit cell, in finite-size chains the 

Lasing in topological edge states of a  
one-dimensional lattice
P. St-Jean1*, V. Goblot1, E. Galopin1, A. Lemaître! !1, T. Ozawa2, L. Le Gratiet1, I. Sagnes1, J. Bloch1  
and A. Amo1

Topology describes properties that remain unaffected by smooth distortions. Its main hallmark is the emergence of edge states 
localized at the boundary between regions characterized by distinct topological invariants. Because their properties are inher-
ited from the topology of the bulk, these edge states present a strong immunity to distortions of the underlying architecture. 
This feature offers new opportunities for robust trapping of light in nano- and micrometre-scale systems subject to fabrica-
tion imperfections and environmentally induced deformations. Here, we report lasing in such topological edge states of a one-
dimensional lattice of polariton micropillars that implements an orbital version of the Su–Schrieffer–Heeger Hamiltonian. We 
further demonstrate that lasing in these states persists under local deformations of the lattice. These results open the way to 
the implementation of chiral lasers in systems with broken time-reversal symmetry and, when combined with polariton interac-
tions, to the study of nonlinear phenomena in topological photonics.

NATURE PHOTONICS | VOL 11 | OCTOBER 2017 | 651–656 | www.nature.com/naturephotonics 651



/25

2D Topological laser

�17

Bahari, et al. (UC San Diego), Science 358, 636 (2017)
 
 
 

  REPORTS 
 

Cite as: B. Bahari et al., Science 
10.1126/science.aao4551 (2017). 

Soon after the advent of quantum mechanics, Bloch estab-
lished the theory of the electronic band structure of solids 
(electrons are fermions), resulting in the classification of 
materials as either electrical conductors or insulators (1). It 
was later understood that the band structure of fermionic 
systems obeys a more sophisticated classification beyond 
Landau’s spontaneous symmetry breaking theory (2). Fer-
mionic materials known as topological insulators are insula-
tors in their bulk but conductors at their interfaces. 
Topological classifications can be extended to bosonic sys-
tems, namely photonic crystals (3, 4), which also possess a 
band structure obeying Bloch’s theorem (5, 6). Experimental 
demonstration of robust electromagnetic transport in mi-
crowaves followed (7) and topological order has since been 
shown to be ubiquitous in many areas of wave physics in-
cluding microwaves, acoustics, excitonics, and plasmonics 
(8–17). However, demonstrations in systems with broken 
time-reversal symmetry, have until now been limited to the 
passive topological transport of electromagnetic waves at 
low frequencies. Proposals to increase the operating fre-
quency from microwaves to terahertz and the optical regime 
have been put forward for various platforms with and with-
out time-reversal symmetry breaking (18–23). Topological 
lasing has been proposed in two dimensions using arrays of 
ring resonators with no time-reversal symmetry breaking 
(24), in one-dimensional resonant periodic crystals (25), and 
in one-dimensional lattice of polariton micropillars that 
implements an orbital version of the Su-Schrieer-Heeger 
Hamiltonian (26). However, these systems cannot imple-
ment cavities of arbitrary shapes due to their preserved 
time-reversal symmetry (27). An elusive implication of to-

pology is the existence of a new class of geometry-
independent photonic components. For example, the possi-
bility to construct geometry-independent cavities (28, 29) 
opens a new paradigm in cavity quantum electro dynamics 
and photonic integration as it enables denser packing of 
components and sources of arbitrary form-factors. Realizing 
this prospect would alleviate the constraints to use preset 
cavities that leave much chip space unused. Topology also 
naturally addresses the pressing need for nonreciprocal 
components that protect sources against back scattering. 

We report on the nonreciprocal single mode lasing from 
topological cavities of arbitrary geometries operating at 
room temperature and at telecommunication wavelengths. 
The integrated nonreciprocal topological cavities, using a 
static magnetic field to break time-reversal symmetry, cou-
ple stimulated emission from one-way photonic edge states 
to a selected waveguide output with an isolation ratio in 
excess of 10 dB. The proposed platform opens perspectives 
in integrated photonics, in which, information can robustly 
flow between sectors characterized by different topological 
indices. 

Our topological cavity platform (Fig. 1), is made of arbi-
trarily-shaped closed contours that constitute the cavity and 
a waveguide to which the cavity is evanescently coupled. 
The structures are made of structured InGaAsP multiple 
quantum wells, bonded on Yttrium Iron Garnet (YIG) a gy-
rotropic material grown on Gadolinium Gallium Garnett 
(GGG) by molecular beam epitaxy. The YIG substrate is used 
to break time-reversal symmetry in the system under a stat-
ic External Magnetic Field (EMF). The closed contour (cavi-
ty) is defined by two different Photonic Crystals (PhCs). The 

Nonreciprocal lasing in topological cavities of arbitrary 
geometries 
Babak Bahari, Abdoulaye Ndao, Felipe Vallini, Abdelkrim El Amili, Yeshaiahu Fainman,          
Boubacar Kanté* 
Department of Electrical and Computer Engineering, University of California, San Diego, La Jolla, CA 92093, USA. 

*Corresponding author. Email: bkante@ucsd.edu 

Resonant cavities are essential building blocks governing many wave based phenomena, and, their 
geometry together with reciprocity, fundamentally limit the integration of optical devices. We report, at 
telecommunication wavelengths, geometry-independent and integrated nonreciprocal topological cavities 
that couple stimulated emission from one-way photonic edge states to a selected waveguide output with 
an isolation ratio in excess of 10 dB. Nonreciprocity originates from unidirectional edge states at the 
boundary between photonic structures with distinct topological invariants. Our experimental 
demonstration of lasing from topological cavities provides the opportunity to develop complex topological 
circuitry of arbitrary geometries for the integrated and robust generation and transport of photons in 
classical and quantum regimes. 
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Fig. 1. Principle of an arbitrarily-shaped and integrated topological cavity. The topological cavity is an 
arbitrarily-shaped closed contour formed between the boundaries of two photonic structures with distinct 
topological invariants. The structures are made of InGaAsP multiple quantum wells (MQW), bonded on 
Yttrium Iron Garnet (YIG) grown on Gadolinium Gallium Garnett (GGG) by molecular beam epitaxy. The 
YIG substrate is used to break time reversal symmetry in the system under a static External Magnetic 
Field (EMF). The Photonic Crystal (PhC) enclosed by the cavity (inside the contour) is a square lattice with 
a star-shaped unit cell. The photonic crystal not enclosed by the contour constitutes the rest of the 
system, and, is made of a triangular lattice with cylindrical air holes unit cell. A defect waveguide is 
evanescently coupled to the cavity, and is created by removing a line of air holes in the PhC with a 
triangular lattice. The topological one-way edge state circulating around the cavity is evanescently 
coupled to the defect waveguide resulting in emission at one output of the waveguide. The direction of 
emission can be reversed by flipping the sign of the EMF. For example, under an EMF and optical pumping 
from the top of the device, a counterclockwise topological edge state will preferentially couple its emission 
to the right output of the waveguide. Light from the tapered waveguide is then collected and analyzed 
using a lensed fiber connected to an optical spectrum analyzer. 
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Fig. 4. Geometry-independent cavity and nonreciprocal lasing. (A) Top view SEM of a 
fabricated arbitrarily-shaped topological cavity with a geometry approximating a flipped USA-like 
map. The structure is fabricated using the same process as in Fig. 3. The shape of the cavity is 
deformed to investigate geometry-independence of the topological cavities while the optical 
length is the same as in the cavity of Fig. 3. The coupling length between the cavity and the 
waveguide is also unchanged. (B) Real space camera image of the top of the device under high 
power optical pumping (ρ = 0.9µW/µm2 at λpump = 1064nm) and with the EMF turned on. An edge 
mode that is confined at the boundary of the topologically distinct photonic structures is clearly 
observed. (C) Photoluminescence spectrum of the topological cavity for two opposite values of 
the EMF for a pump power density of ρ = 0.9µW/µm2 (lasing regime). As shown, for a forward bias 
(+B0), the cavity lases with stimulated emission, but for a backward bias (-B0), a strong 
suppression of emission is obtained with an isolation ratio between ports of 11.3 dB. (D) The edge 
mode disappears when the EMF is turned off because the nontrivial band gap closes. 
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Topological physics with photons
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✓Detection of chiral edge state 
✓Landau levels of photons 
✓Measurement of Zak phase & Berry curvature 
✓Realization of anomalous Floquet topological insulators 
✓Realization of Su-Schrieffer-Heeger model 
✓Observation of three-dimensional Weyl dispersion 
✓Topological charge pumping

• Bosons instead of fermions 

• More control on realizing various Hamiltonians 
• Photons are lossy; sometimes one needs non-Hermitian Hamiltonians

Review: Ozawa et al. “Topological Photonics,” arXiv:1802.04173
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1. Topological physics in ultracold atomic gases 

2. Topological physics in photonics 

3. Synthetic dimensions and higher dimensional topological effects
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Synthetic dimensions
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Simulate higher-dimensions by regarding internal degrees of freedom as dimensions

• Choose degrees of freedom you want to use as synthetic dimensions 

Example： Hyperfine degrees of freedom of ultracold atoms 
                  Modes of photons in resonators 

• Induce hopping (kinetic energy) along the synthetic dimension
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Celi et al., PRL 112, 043001 (2014)
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Florence (Fallani & Inguscio) - 173Yb (fermion) 
Mancini et al., Science 349, 1510 (2015); Livi, et al., PRL 117, 220401 (2016) 

Maryland (Spielman) - 87Rb (boson) 
Stuhl et al., Science 349, 1514 (2015)

Imax; as ts/tx increased, Imax began to saturate as
essentially all atoms tunneled (27).
We then shifted our focus from bulk excita-

tions to edge excitations, which we studied by
launching edge magnetoplasmons, or superposi-
tions of edge states across magnetic bands with
crystal momentum qx /kL = ∓fAB/p. We created
themon either edge, with the potential tilted along
es (Fig. 4, A and B), so that the initially occupied
site was at the potential minimum. The time-
evolving average position hm(t)i along es and the

velocity hnx ðtÞi ¼
X

m

Im along ex are shown in

Fig. 4, C and D. Data shown in pink and blue

solid circles are for initial sites hm(t =0)i =±1, both
of which evolved periodically in time but with op-
posite velocities. The spatial trajectories are illus-
trated in Fig. 4E; we obtained the displacement
hdj(t)i by directly integrating hv x (t)/ai, where a =
lL/2 is the lattice period. These data show edge
magnetoplasmons with their chiral longitudinal
motion and constitute an experimental observa-
tion of their edge localization and transverse
skipping motion.
This and related approaches (12) have a practi-

cal advantage over other techniques for creating
artificial gauge fields, in that minimal Raman-
laser coupling is required [typically 10 to 50 times
less than in previous experiments using Raman
coupling (30)], thereby minimizing heating from
spontaneous emission and enabling many-body
experiments that require negligible heating rates.
Lifetimes from spontaneous emission with this
technique are in excess of 10 s (corresponding to a
heating rate of <10–3 tx /2pħ), whereas other ap-
proaches for creating large artificial gauge fields
have lifetimes well below 1 s (8–10, 31).
The experiments described here used nearly

pure BECs, either in adiabatically prepared eigen-

states or evolving after sudden changes to the
Hamiltonian. In the former case, interactions did
not affect our measurements, whereas in the lat-
ter case, collisions during the dynamical evolution
gradually populated additional states and contrib-
uted to considerable dephasing within 10 ms. Be-
cause our approach of using the internal atomic
spin states as lattice sites involves different “syn-
thetic sites” residing in the same location in space,
the interactions between atoms are anisotropic—
short-ranged along ex but long-ranged along es. In
(32), it was shown theoretically that even such
anisotropic systems can support fractional quan-
tum Hall states.
With our hard-wall potential, a realization of

the Laughlin charge pump (33) is straightforward:
As particles accelerate along ex , mass moves from
one edge to the other in the orthogonal direction
es. Extending our technique to periodic boundary
conditions—i.e., coupling the |m = ±1i states—should
produce systems exhibiting a fractal Hofstadter
spectrum (4), even with only a three-site extent
along es. Going beyond conventional condensed-
matter realities, the flexibility afforded by directly
laser-engineering the hopping enables the crea-
tion of Möbius strip geometries, or topological
systems with only one edge (34).
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Fig. 4. Skipping orbits. (A and B) Schematic of dynamics, starting from
m = –1 (indicated by the blue ellipse) and including a nonzero detuning that
tilted the lattice along es. (C) Mean displacement hmi versus time t for
excitations on both edges. Data for systems initialized on m = 1 (m = –1)
are depicted by pink (blue) circles. (D) Group velocity along ex versus
time for both edge excitations. Numerical simulations (solid curves) use
parameters (ħWR, V, d, e) = (0.41, 5.2, ± 0.087, 0.13)EL from fits to pop-
ulation dynamics, such as those shown in (C). In both cases, the potential
gradient along esfrom d was selected so that the initial site (m = T1) had
the lowest energy. (E) Edge-magnetoplasmon trajectories, where the dis-
placement hdj(t)i was obtained by integrating hvx(t)/ai.
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Similar to the two-leg case, chirality is very

weak for small coupling and increases as W1/t

approaches ~3. The theoretical curves show that

further increasing W1/t eventually leads to atten-

uation of the signal because of effective coupling

between the edges, which smoothens the chiral

features of the system. We observe a substantial

agreement between experiment and theory for

the range of W1/t that can be explored in our

experimental setup. The nonzero current in the

bulk (J < 0.035) can be ascribed to the different

couplings (W1 and W2), as well as to a residual

light shift that breaks the symmetry between the

two edges (20).

Finally, we performed additional quench dy-

namics experiments that provide direct evidence

of chiral transport properties along the edges.

We prepared a system of lattice fermions in an

initial state with zero average momentum on the

lowerm = –5/2 leg of a three-leg ladder. We then

performed a quench by suddenly activating the

complex tunneling in the synthetic direction.

Figure 4A shows the time dependence of the

average position in the synthetic direction hmi,
measured by optical Stern Gerlach detection (23).

Figure 4B shows the time dependence of the aver-

age lattice momentum hki along x^, measured by

time-of-flight imaging of the whole cloud. Figure

4D shows an experimental reconstruction of the

average orbit on the ribbon surface as a plot of

hmi versus the average position in real space hxi.
The latter has been determined by evaluating the

average velocity along x
^, considering the knowl-

edge of energy band dispersion versus lattice mo-

mentum, and then performing an integration in

time (20). The dynamics displays a strong chiral

character, demonstrated by the in-phase oscilla-

tions in Fig. 4, A and B, and the orbits in Fig. 4D.

Under the effect of the synthetic magnetic field,

the fermions move according to cyclotron-type

dynamics, which is naturally truncated by the

synthetic edge, giving rise to a skipping-type orbit,

as expected for a quantum Hall system (12, 13).

Furthermore, the experimental data are in rea-

sonable agreement with the theoretical predic-

tions, represented by the thick lines in Fig. 4, A,

B, andD. These dynamics are effectively damped,

even in the idealized case described by theory

(Fig. 4, A and B), as a result of averaging over

many different fermionic trajectories, which also

causes a reduction of the average orbit radius to

less than one real lattice site (Fig. 4D). This is

markedly different from the behavior of a non-

interacting Bose gas, which would occupy a single

condensed wave packet undergoing undamped

oscillations.

Our approach can be extended to wide ladder

systems with as many as 2I + 1 legs, providing a

setting for the investigation of both edge and

bulk 2D topological matter, complementary to

recent works on Chern insulators (9). This would

allow a controlled study of the combined effect of

interactions and synthetic gauge fields, crucial

for the realization of fractional quantum Hall

physics, potentially leading to exotic states of

matter (such as chiral Mott insulator states) in

ladder systems. Moreover, the flexibility offered

by the present scheme allows the engineering of

arbitrary lattice patterns, including disorder and

constriction, in ladder systems. This opens the

door for the realization of interferometers for

chiral liquids, investigation of their transport

properties, and the possibility of implementing

interfaces between chiral edges, which, in the

presence of a molecular or superconducting res-

ervoir (17), can potentially host exotic non-

Abelian anyons such asMajorana-like states (16).
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Fig. 4. Edge-cyclotron orbits. (A) Time dependence of the average position in the synthetic direction

hmi after a quench on the synthetic tunneling. (B) Time dependence of the average lattice momentum

hki along the x^ direction. (C) Schematics of the edge-cyclotron orbits. (D) Average position in m^−x^ space.

The circles in (A), (B), and (D) represent experimental data, the thin lines connect the points, and the

thick lines illustrate the theoretical predictions (20). Experimental parameters: W1 = 2p � 490 Hz and t =

2p � 94 Hz. After the second orbit in (D), the mismatch between theory and experiment could possibly

be ascribed to an accumulation of integration error in the data analysis, which amplifies the effects of the

assumptions in the model (such as not accounting for interactions).
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• Use hyperfine degrees of freedom as a synthetic dimension 
• Three sites along the synthetic direction 
• Chiral propagation of edge states observed
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Synthetic dimensions with photons

�22

{ { {{

{ { {{

• Use different angular momentum modes as a synthetic dimension 
• Couple modes via external modulations of refractive index 

[cf. Yuan, et al., Opt. Lett. 41, 741 (2016) ])

The resulting single-site effective Hamiltonian:

 - 1D tight-binding Hamiltonian with hopping phases - 

Spatially aligning resonators, one can build up to 4D Hamiltonian

H = �
�

w

J ei�b†w+1bw + h.c.

Synthetic dimensions with photons in a ring resonator

TO, Price, Goldman, Zilberberg, Carusotto, PRA 93, 043827 (2016)  
TO & Carusotto, PRL 118, 013601 (2017) 
Price, TO, & Goldman, PRA 95, 023607 (2017)
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Harmonic potential eigenstates as synthetic dimensions

�23

Price, TO, & Goldman, PRA 95, 023607 (2017) 
cf. Lustig, et al., arXiv:1807.01983 for photonic realization
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• Hopping among different states can be introduced by shaking the lattice 
• In principle, one can simulate up to 6D (3 real dimensions + 3 harmonic potential directions)

H0 =
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|�� 1���|ei� + h.c.

�

4

as the “hard wall” at �=0, there is also typically a “soft
wall” at high � due to anharmonicity in the harmonic
trap [36]. Interestingly, upon reaching this, the particles
are transferred to the other spin-state and then move
back down the synthetic dimension.

To reach the QH regime, we increase the number of
sites in the second direction [40], such that particles
now move in a (synthetic) 2D lattice in the ��m plane
[Fig. 4(a)]. This configuration is described by Eq. (4),
now with m 2 Z (hereafter ✓ = 0). Physically, this
can be achieved by replacing the double-well [Fig. 3(a)]
with a 1D optical lattice [Fig. 4(a)], or by coupling to-
gether more internal atomic states [21]. This e↵ective
Hamiltonian (4) corresponds to an (anisotropic) Harper-
Hofstadter (HH) model [34], with a uniform flux � per
plaquette. The energy spectrum of this model is shown in
Fig. 4(b) for periodic boundary conditions along y, and
open boundary conditions along � [33]; here � 2 [0, 80],
but only states with h�i< 30 are shown; this is a good
description for our system provided that the population
of higher-energy states is negligible. As in the isotropic
HH model, we recognize four “bands” for �=⇡/2, with
the middle bands touching at E = 0. The outer and
middle bands are also connected by topological chirally-
propagating edge modes that are well-localised on the
system boundary (here � = 0). To reveal these chiral
edge modes, we numerically time-evolve a wave packet,
initially prepared around �0⇡0, with a mean momentum
qy chosen to maximize projection onto the lowest-energy
chiral mode [33]. As shown in Fig. 4(c), there is a clear
chiral motion along y, while the average energy remains
constant �c.m.(t)⇡0 (until the wave packet hits the wall
in the y direction).

As well as edge-state physics, we can also probe the
bulk properties of the e↵ective 2D system. In the
isotropic HH model, the energy bands can have non-zero
topological Chern numbers, leading to QH responses for
uniformly-filled bands [4, 46]. Such quantized responses
are robust in the presence of anisotropy provided that the
band gap remains open, as shown for 30 sites along � in
Fig. 4(b). Under this condition, we can prepare an atomic
cloud that uniformly fills the lowest band, e.g. through
Fermi statistics or dephasing e↵ects [6, 47], and the QH
response can be measured as a transverse COM drift of
the cloud [6, 45, 46] under an applied force. For a force
along � (i.e. � 6=0), this Hall drift will be along the (real)
y direction, while for a “real” force aligned along y [6],
the QH drift will be observed along �. In this latter case,
the QH response could be used to decrease the average
energy [i.e. �c.m.(t)!0], simply by adjusting the orienta-
tion of the force (or the flux �). Such COM observables
could also exhibit non-linear quantized responses to per-
turbations in the artificial magnetic field [46].

We now briefly discuss interactions along the synthetic
dimension [33]. Under the RWA, interactions in � space
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FIG. 4. (a) With more sites along the second dimension,
e.g. from an optical lattice along y, the system acts like a 2D
(anisotropic) HH model. (b) Spectrum for (a) with periodic
boundary conditions along y, and �2 [0, 80] with open bound-
aries; the color scale indicates the weight along �, highlighting
states with h�i< 30. The group velocity of the lowest chiral
edge mode, at qy ⇡ 0.8/a, is indicated. (c) Full numerical
time-evolution of a wave packet, prepared around m⇡60 and
�0 ⇡ 0, with mean momentum qy =0.8/a. Other parameters
are �=⇡/2, =0.01!
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generally take the form

Ĥint=
U0
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X
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†
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ĉ�2

ĉ�1
,

where U0 is the overall interaction strength. The dimen-
sionless coe�cient U(�1,�2;�3,�4) is the relative inter-
action strength for processes where particles with �1 and
�2 scatter to �3 and �4; it involves an integral of four Her-
mite polynomials, and is typically nonzero for any choice
of �’s. We estimate this coe�cient in [33], assuming a
local interaction in the physical space x, as is usual in ul-
tracold gases. We find that the �-space interactions have
a shorter-range structure than the interactions associated
with Raman-induced synthetic dimensions [7, 8, 21], sug-
gesting an interesting avenue towards realizing strongly-
correlated states [26, 48, 49].
Finally, we note that the QH dynamics presented in

this work are associated with a time scale texp ⇠ 100T ,
which in a cold-atom experiment should be on the or-
der of 10-100ms. This suggests working with a tight
harmonic trap of frequency ! ⇠ 10�100kHz, and with
realistic hopping amplitudes J�,y ⇠ 0.1�1kHz; the corre-
sponding temperature required to resolve the topological
gaps is Texp . 1�10nK. As the typical group velocity
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Four-dimensional quantum Hall effect
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2D: 4D:

Cold atom: Price, Zilberberg, TO, Carusotto, Goldman, PRL 115, 195303 (2015) ; PRB 93, 245113 (2016) 
Photonics: TO, Price, Goldman, Zilberberg, Carusotto, PRA 93, 043827 (2016)  
cf. Charge pumping: Lohse et al. (Munich), Nature 553, 55 (2018); Zilberberg et al. (Penn State), Nature 553, 59 (2018)

Cn

Quantum Hall effect occurs in any even dimensions (2, 4, 6, etc…), 
and characterized by the n-th Chern number:

4D quantum Hall effect can be explored with synthetic dimensions

jy = �e2

h
C1Ex jw = � e3

h2
C2ExByz

H = �J
�

x,y,z,w
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c†r+êx
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cr + eiBxzxc†r+êz
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Simulated wavepacket dynamics in the above 
Hamiltonian to look for 4D quantum Hall effect

cf. Sugawa et al., Science 360, 1429 (2018)
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Summary
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• Atomic, molecular, and optical systems provide powerful platforms to explore 
topological physics 

• Ultracold gases are good for exploring many-particle and quantum properties 

• Photons are good for exploring single-particle non-equilibrium properties 

• They are both often bosons and often lossy 

• Interaction effects? 

• Non-Hermitian topological physics? 

• Higher dimensional topology?

Review: Cooper, Dalibard, & Spielman, “Topological Bands for Ultracold Atoms,” arXiv:1803.00249 
Review: Ozawa et al. “Topological Photonics,” arXiv:1802.04173 
Both accepted for publication in Rev. Mod. Phys.


