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Standard Model
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physicists are curious
about flavor structure:
mass hierarchy, mixing
patterns,...

puzzles for decades



Textbooks:
Chapter 15 in Quarks & Leptons by Halzen and Martin:
... the (fermion) masses depend on the arbitrary
(Yukawa) couplings and cannot be predicted.

ChatGPT:
The Standard Model parameters are free in the sense
that their values cannot be determined by the theory

alone, and experimental measurements play a crucial
role in determining their values.



To explain them, need new physics, but...

Today’s talk:

At least some of the SM parameters are not free, but

constrained dynamically via analyticity for internal
consistency



Your discretion is advised



Higgs mechanism

* Before and after symmetry breaking VEVv
+ V(¥) physical world
0
/
3X3 Yukawa matrix _ 1 @’

B VAN
left- _l L - \
handed iQLYu’LLRgﬁ —+ QLYddR@ v \V}
doublet (u,c,t) (d,s,b) K

: : : u ’ d(c)
* Massless particles = massive particles £ -

* Flavor changing via Yukawa couplings = diagonal Yukawa matrices
* Quarks in weak eigenstates = quark mixing
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(Gauge Interaction
e Gauge interaction like QED

4-vector potential s generators
Dy(x) = (0, —ig Al(2) t*) ¥ ()
* Vector interaction, photon has spin 1

e Gauge group fixes t%: 1 for QED, U(1) group; Pauli matrices for weak
interaction, SU(2) group; Gell-Mann matrices for QCD, SU(3) group

e Generators describe basic transformation, e.g.

01 0
Red =(1,0,0)
Y M=[1 0 0 —
Blue=(0.1,0) 1 (ﬂ ; n) Red Blue

* Only overall coefficient is free, single coupling g



Scalar interaction

* No such symmetry constraint on scalar coupling

symmetry phase broken phase
| i Yukawa matrix
color matrix 6 quark masses
tl] = le] < 9302302,
4 CKM parameters ~ >memare
color indices fIavor indices

(mixing angles)
* Yukawa couplings are arbitrary, so are quark masses, mixing matrix!

e But this observation made at Lagrangian level without considering
dynamical interplay among various particles



Dispersion relation . ; .' g >

* Example: mixing of D meson with mass squared s !

i‘ - : : Vud
Mia(s) — §T'12(5) = (D[H|D") imaginary part Vs
P > ['o(s’ Vub 7.1
real part Mia(s) = - / s’ 12( ;) o d,5.b .
27 4m?2 S — 5
S' W W
B c w
large circle — d,s.b
contribution i
suppressed - 3 ) E)::r;gd cbt:lt
§ intermediate
real states




Observations

* Fundamental parameters in theory (like Standard Model) usually
constrained by symmetries at Lagrangian level

* Analyticity is crucial property of physical observables
e ['15 involves CKM matrix elements and fermion masses

* Additional dynamical constraints imposed by dispersion relations,
if My, is known ?

* Turn out that dispersive constraints are so strong that Yukawa
couplings in SM are in fact not free parameters



ldea

* Neutral state mixing disappears at high energy, where electroweak
symmetry is restored

d,5.b

o d z EW symmetry broken
at low energy;
4% W constrains fermion

) . masses and mixing angles
_ . d, s, b /
Invariant mass \ | , symmetry restored
squared Mis(s) = 1 / dS’Fu(S ) ~ ( at large s

27 s — s’

real part imaginary part of box diagrams



Proof of Mia(s) =0

* Consider mixing of ()14, Q1 q; neutral states
* Before breaking, all particles are massless, quarks in flavor eigenstates

* Mixing occurs via exchanges of charged or neutral scalars, whose
strengths described by Yukawa matrices

neutral scalar exchanges

C u

u

* After breaking, particles get masses, quarks turned to mass eigenstates

* Mixing occurs via W boson exchanges, whose strengths described by
CKM matrix



Mixing in symmetric phase

* Yukawa interaction Q;Y,upp + QrYuidpo P =— ( w,} ).1
left-hande

oublet

* In symmetric phase, implement quark field transformation adopted in
broken pbase v, —» Uyu;,  up\—~ Vyur dy - Ugd, dr — Vadg
* Yukawa matrices diagonalized, but charged scalar currents exist

* down-type quarks, coupling to up-type quarks in mass eigenstates
through charged scalar currents, are not in mass eigenstates

. unitarity of CKM =0 s’ d’ not in mass eigenstates, but orthogonal
| | | | | |

| | | | " | |
W L W ! massless |\ © L

| I | particles ! s d!

! I R l ' C ' ' u

X X X



High-energy input

* Heavy quark Q provides large s in box diagrams. Symmetry restores
and intermediate particles become massless, Ms(s) ~ 0

* s’ can be low, so I';5(s’) depends on CKM matrix elements associated

with massive intermediate quarks in broken phase. Cheng 1982

. Box-diagram contribution Buras et al 1984

Mia(s) o Z/\ AL (s
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y | mim; 2 2 2\ (12 2
X< | my + 1 257 — 4s(m? + m; ) +2(m7 — m ) | 4+ 3mis(m7 + mj;)(m; +m; —s)

for D mixing &’] — d, S, b Ni = V;:Vu?



Constraints

* How to diminish dispersive integral /d Lia(5) ?

s — s’

* Asymptotic expansion L
to have finite integral

b EW symmetry
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Minimization

* Rewrite constrains 2R\ + 2rR\™ +1~0,, m=1,0,—1,i

m a1 (m) (m) (m) (m) (m) (m)
(m) _ Fé’d) — ZFEHJ + 1 my _ g =1y =1y +1y, o B
Rdd  (m) A1 () ()’ RdS o () A1 (M) (m) m = 13 Oa 1
Fss? =2l 7 + 1y, Fos? =257 + 1y,

* Expression for m = i similar, but with gi;
* Ratio of CKM elements A AT

cd

As Vi Vs

= U + 10.
* Tune u and v to minimize the sum (real parts of constraints)

Z {(u2 — 'UQ)R(m) +2uRY™ + 1}2
dd ds

m=1,—1,i



Results
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Analytical solution

* Insert u=-1 into m=1 constraint to get analytical expression of v

(myy —mg)(mZ —mgz) _m
(m3, —m?2)(mi —m3)  m;

2
S

V=

* In terms of Wolfenstein parameters v = A%\*y Ahn et al, 2011
* Produce well-known numerical relation

, , A=~ 0826 1n=~0.348
NV A (A2 -1/ [T [T
— Vus ~ ( T]) \/ ~A\ 2,.\—1/4 ‘
My, my, (A°n) ~ 1.43 ~ O(1)

Belfatto et al, 2023

Cheng, Sher 1987




Le ptO N MIXING Pontecorvo—Maki—Nakagawa—Sakata
* Apply the same formalism to lepton #~e™-u"e™ mixing through similar
box diagrams with intermediate neutrino channels
* Correspondence Md.sp ~=M123 V5V, /(VEV,,) < 1= UnUan/(UsUes)
I 2 —6 2
* Normal hierarchy (NH) m2 = 1076 eV de Salas et al, 2018
Am3, =m2 —m? = (7.5570%8) x 107° V2 Am3, = mj —m3 = (2.424 £ 0.03) x 1072 eV?

* Predict Uy global fit
T U, T r=—(0.73820050) — (0.17920:139)

* Inverted hierarchy (IH) r=-1.0-0(107")i  r=—(1L03551%) — (0.356 1032
* Quasi-degenerate ra —0.97 — O(107°)i

* NH and observed PMNS matrix satisfy constraint at order of magnitude
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Other observations

. ) Im(- ) 513523
* Chau-Keung parametrization = ; ;
i - T2 231 %1072 > 2 2 9.0 x 107
* Larger mixing angles in lepton sector due to ;2 ~ ™ m2

 How about 7 e"-7Te~ or tu-tu mixing? Same intermediate
channels, so same constraints. Additional solutions?

* Two possibilities: first, small \;\; , so that constraints VAVl = A2 ~ 5 102
met automatically, happening to quark sector VAV = A208 ~ 9% 1072

* Second, two solutions of v with opposite signs: one for = e™-pu"e™
another for 7—e*-7Te™

* Check data U Uer /(U5 Ueo) r=UsUe/(UksUes)
—(1.23175756) + (0.20475:953)7 r = —(0.7387003%) — (0.17970:138)i  de Salas et al, 2018

—(1.13970339) + (0.2661095%)i 1 = —(0.80110567) — (0.26510112)i  Capozzi et al, 2018



Constraint on @,

o o roughly equal Cs =Ccosd Ss =sinod
* Ratios in CK parametrization X
CP phase

“ U (34 — $73533) + Ca3813823C5(CTy — $75) — Co3s13523551

n1%el _ _C‘12 C12512(C 91392g C23513523C5(C1o — S79 C23513523567

:;te2 512 ((‘12(‘23 — 512 913923) + 2012023512513 ?2‘3(1 — 6‘5) ‘\ hi

v rougnly

:1Uel C12 612512(923 _ngq%‘g) —6‘23913923(’5((‘%2 912)+02391392395&

70, = — — equal

T 512 (C128923 + €23512513)% — 2€12023512513523(1 — ¢5)

* The two ratios differ only by sign of Im

* Relation among mixing angles
5 5 5 (Cla — 512513)(C33 — 533) — 4C12Ca3512513503¢5 ~ 0,

2 2 2 /.2 ‘ ‘
(ciy + $79873) (¢33 — 835) ~ 0 <¢mm C12512(1 + 595) (€35 — 534) + 2(c%y — 5%5)C23513523¢5 ~ 0

* Indicate co3 &~ s23, 1.€., #y3 ~ 45° .... maximal lepton mixing!



Summary and conjecture

 Dispersion relations for observables impose stringent constraint

* Fermion masses and mixing angles in both quark and lepton sectors
constrained by SM dynamics itself

* Different mixing patterns due to different fermion mass ratios

2 2
m ‘ . m »
—3%3.1><102>> S%Q.Oxlo“l

 Normal hierarchy favored by dispersive constraint

* Maximal lepton mixing demanded by solutions for mixing between
generations 1, 2 and generations 1, 3

* It is likely that SM has only three fundamental (gauge) parameters

 Scalar sector, coupling various generations, is not free
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