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Our Physical World

Smiling Face of Universe



All the Physics we know

o 2 o e oo o e | 057y All the Physics:
= e cosmology, gravity,
N L L7 { particle physics,
W\ (T #55== nuclcar physics,
condensed matter,
ki ‘ atomic physics,
losse molecules, optics...

Higgs Boson



That’s the Physics we don’t know ! ‘ -

Thermo-Statistics:

p= %exp{—ﬁ(H—uN)} ?

Tr(p] =1, Nonequilibrium Statistics
S =—Tr [,0 In ,0] if (H) = const AS(time) of open systems
(Information) (N) = const.
1026 10

IM(space)

Stars and galaxles that can be observed today were Present time
born as a result of the evolution of the universe. (13.7 billion years

since the Big Bang)
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Closed and open system dynamics, the essence
S=—tr|pln p|

> For closed systems, quantum state: |1/ (%)) S=0 (no information)

d
Zha‘w(t» = H|(t))  Schrédinger equation, 1925

In terms of density matrix: P(t) — W(t»@p(t)‘

d 1
—po(t) = —|H , p(t von Neumann equation, 1927
dtp( ) zh[ dul (also Landau, 1927)

> For open systems, in general: p(t) # |1(t)){)(t)|

S#0 (rich information) | Mixed state: loss of coherence |




A complete description of
physical systems

0

which is the density matrix that fully characterizes
all possible quantum states of physical systems



Main Physics of open quantum systems

Information exchang

particle transport involves the
phenomena of mater and energy
exchanges (dissipation) and
information exchange (fluctuations)

AS l

AW Non-equilibrium Physics

Matter exchange

Energy exchang

i

» Underlying physics of open quantum systems:

v" Dissipation and fluctuations
v Non-Markovian memories



Physical significances of open systems

®

© ® © O

quantum foundation: e.g. origin of probability ...
quantum information and computation: decoherence ...
nonequilibrium physics: new physics ...

gquantum thermodynamics: mesoscopic scale

Foundation of quantum phase transition, topological
orders of matter, and even quantum gravity: quantum
entanglement ...

Origin of the life, origina of spece and time: also
entanglement ?...

Unification of various physics at different scales ...

- Open quantum systems:
cover All problems in physics !



Typical open systems:

DNA

Chromosome

Cell

50 nK

400 nK Nucleus

B Dark Energy
"\‘\ Accelraied Expansion
o) ras——
Gan's Heat

Chavit (obpmiwne

Cool
environment
20°C
Heat

rhivson 8
Pavcgit o

FIGURE 1-3
Heat flows in the direction of decreasing
temperature.




Modeling open quantum systems

® One or a few particles interacting
with other particles in many-body
systems

Open system

> > > >

W

® The system interacting with many

other systems surrounding ® Asubspace of the Hilbert space
correlating with others states in the

space



Theory of open quantum systems

correlation function
systems

in many-body

Open system

> > > >

W

® Physics is governed by master

equation of the reduced density ® Physics at different scales is related

matrix by renormalization group



Building the Theory of Open Quantum Systems:

» The theory of open quantum systems must go beyond quantum
mechanics ?

» The theory of open quantum systems can be established within
gquantum mechanics ?

Answer: upon how you define open systems

® A1: open systems must contact with reservoirs.
----a definition from Statistical Mechanics (19 century)

® A2: systems of interest couple to the outside world which we
are not interested.
----a definition by Feynman (1960’s)



Theory for open quantum systems:
a long-standing problem

® |n general (Master Equation):
) Openness  p

dp(t) i . , %
— = — —|Hgq, plt)|+ drL(t — 7)p(T)
7 Za s et [ e
Quantum Mechanics
J. von Neumann §1 927) Non-Markovian Memory
L. D. Landau (1927) (Non-equilibrium Physics)

However, it has been attempted for many years without a very
satisfactory answer to find the exact master equation for an arbitrary
open quantum system that is tractable, since Pauli proposed the first
master equation in 1928 |



Historical development of Master Equation

€ Pauli master equation (W. Pauli, Festschrift zum 60. Geburtstage A.
Sommerfelds (Hirzel, Leipzig, p30 1928)

Py __7’/\Pl\+2 (Wi Prr = Wi Py).

€ Nakajima-Zwanzig master equation (S. Nakajima, Prog. Theo. Phys. 20,
94&3 1958; R. Zwanzig, J. Chem. Phys. 33, 1338, 1960):

ptot( ) — _Z[Htotaptot(t)] = ’C(t)ptot(t)

d Ptot (t> — Pptot (t) + (1 o 7D)ptot (t>
%P:Otot@) = PLE)Pprot(t) + PL()G(L, o) Lprot (to)
drPL(t)G(t, T)QL(T)Ppiot(T)

to

€ Born-Markov master equation (e.g. F. Haake, Z. Phys. 223, 353; 364, 1969):
prot(0) = p(0) @ p;

dt

0=~ Hs. o) = g5 [ dr(i0) (o). 7 el
. T2t

Only valid in the weak system-reservoir coupling



Theory of Open Quantum Systems

» Dynamics of open quantum systems is one of biggest
problems that have not been solved in physics

& people deeply involved such research include
W. Pauli (1920’s)

J. Schwinger (1960’s)

R. Feynman (1960’s)

« A.J. Leggett (1980’s)

» |t still attracts and challenges theorists to build and
develop the theory of open quantum systems.



In the literature, one often uses the Lindblad-GKS form
of an approximated master equation:

dp(t 1 -
WO _ it (1),p0] + Y TusL,, g o)
i
where
_ P Ly Lo i
L,, ot lp(] = aip(t)a; — Sazaip(t) — 5 p(t)aja;

which only describes Markovian (memoryless) processes, the basis
for quantum optics.

G. Lindblad, Comm. Math. Phys. 48, 119 (1976);
V. Gorini, A. Kossakowski, E.C.G. Sudarshan, J. Math. Phys. 17,821 (1976).



Goes beyond the Markovian dynamics:

® Physically, three timescales dominate the dynamics of open quantum
systems

» Atypical timescale of the system.

» Atypical timescale of the environment

» The inverse of the coupling constant between the system and
environment

€ The Lindblad-GKS master equation valid only for 7,>> 7,.in the weak
system-environment coupling regime.

€ Dissipation, fluctuations as well as non-Markovian memory effects
strongly rely on the relations among these different timescales.
However, such relationships have yet been established quantitatively !



Here | would like to show:

» The general behavior of dissipation, fluctuations and non-Markovain
nonequilibrium physics of open systems is mainly determined by
the energy structure or the spectral density profile of environments.

» Universal non-Markovian memory can be extracted from the exact
analytical solutions, solved by connecting the exact master
equation with the nonequilibirum Green functions.

» Although the exact master equations have been derived only for
some class of system-environment couplings. Establishing the
connection between the exact master equation and the non

-equilibrium Green functions provides a general approach to explore
the non-Markovian nonequilibrium physics even though the exact
master equation is unknown.



Outline
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A general theory of open quantum systems
General analytical solution of non-Markovianity
Measurement of non-Markovian decoherence
Non-Markovian nonequilibrium physics
Non-Markovian entanglement decoherence
Non-Markovian decoherence of Majorana qubits
Transient quantum transport and quantum control

Summary



Two useful theories for nonequilibrium dynamics

& Schwinger-Keldysh's Green function technique
J. Schwinger, J. Math. Phys. 2, 407 (1961)
L. P. Kadanoff, & G. Baym, Quantum Statistical Mechanics (1962)
L. V. Keldysh, Sov. Phys. JETP, 20, 1018 (1965)

& Feynman-Vernon influence functional approach
R. P. Feynman and F.L. Vernon, Ann. Phys. 24, 118 (1963)
A. O. Caldeira and A. J. Leggett, Physics. A121, 587 (1983)

However, both theories only solve partially some problems of the
nonequilibrium phy sicsof open systems,

» The former provides correlations of local operators, but lacks the full
state information of the whole system.

» The later provides a nice way to treat the environmental degrees of
freedom, but still far from the complete understanding of all the states
of the system.



Closed-path approach for nonequilibrium dynamics:

J. Schwinger, J. Math. Phys. 2, 407 (1961)
R. P. Feynman, F. L. Vernon, Ann. Phys. (N.Y.) 24, 118 (1963)

& The correlation function or the evolution of density matrix
G(zt; 2't) = —i(To[w(at)(2't)])  if t >t

p(t) = U(t, to)p(to)UT (¢, to)

0 o/: o>
t

see a Review by Yang & WMZ, Front. Phys. 12, 127204 (2017)

B which is very different from the scattering theory in field theory, scattering
theory is in general INVALID for nonequilibrium physics !!!



Nonequilibrium Green-function approach:
J. Schwinger, J. Math. Phys. 2, 407 (1961)

T
.

0

& Kadanoff-Baym equation (1962):

o 1,
{1(9—7-1 — [—EV +U($17T1)] }G(wl’TIawl’:Tl')
to=if

=40(1—-1 )+/ da/d3y2 x1,7,Y,0)G(y,0, 21/, T1/)

| S

—

fy

where

=) retarded GF
{id— — w}G’ (r,7")=d(r—71") + / X (r, "G (", ")dr"
T -/

G< = (1+ G'ENGE (1 + 2°G?) + G* X <G*

lesser GF, when

O p—
— // 7_ 7_// ZC ///)Ga(T”/ T/)dT//dT/H

L. V. Keldysh (1965)



Influence functional approach Feynman & Vemon,

Ann. Phys. 24, 118 (1963)

& a nonperturbation way for fully covering the back-reaction of baths on
the system one concerns:

plt) = f—ra[t-’(t to)p(ta) @ pr(to)UT(t, )]

p(ty) Q l H P

T to—0
T, t0) = [ DL i ARV FLG, i o

N /

propagating function influence functional

Caldeira & Leggett,

» for quantum Brownian motion . Physica A 121. 587 (1983)




But, the Feynman-Vernon’s influence functional
does not result directly in master equation

& for example, consider a spin-boson coupling:

1 1 ) _
H :§g(t)az + EA(t)am + zk: huoblby, + zk: (Vi(®)oF by, + Vi (t)blo~]

The influence functional is given

F(o,0') = exp{ — /()t dr /OT dr’ [0+(T)g(7', ™o~ (') + a'+('r’)g('r',T)a’_(T)]

v “ar / i [ (gl o () — [ () — o (N Dl () — o ~()] )
where

o(r.7') = Y Ve(r)VE (7))
-~ * 1 —twr(T7—7'
g(r,7") = Xk: Vi (T)V () B 18 k )

» None has derive the exact master equation from it !!!



Our consideration:

General system-environment couplings:
(generalized Fano-Anderson models)

P. W. Anderson. Phys. Rev. 124, 41 (1961)
U. Fano, Phys. Rev. 124, 1866 (1961)

*» The leading order system-environment couplings are dominated
by particle-particle (energy and information) exchanges:

HSB — Z[Vakiagbak + V;kiblkai]

akt

» the system contains arbitrary N energy levels
» environment can contain many different reservoirs
» each reservoir is specified by the spectral density:
Jaij(w) =21 ) Vo Vi (w—ex)
k

A. T. Leggett, et al., Rev. Mod. Phys. 59, 1 (1987)



Path integral approach to fermion open systems:
Tu & WMZ, Phys. Rev. B 78, 235311 (2008)

® All matters are made by fermions

H=Hg+ Hp+ Hsp and z()ptot( )/()t — [H ptot(t)]

® With the initial state Ptot (fo) = p(to) © pe(to)
® taking the fermionic coherent state representation

The System

—————————————————————————————————————————————————————————————————————

> E(ff‘P(t”ﬁ}} = /d#(fo)d#(f(’))(50|P(t0)|56> .
i X j(éf 6}“&()*5{]“))5

b o o e e e e e e = = = = - - -

The Environment



WMZ et al., Rev. Mod. Phys. 62, 867 (1990)
Tu & WMZ, Phys. Rev. B 78, 235311 (2008)

T (&;, Sf«l‘lﬁo &o,to) =

the action of the system)

== -~

*5__ __—'

path integral over the system

The Influence Functional
(obtained after completely integrated over all the environmental degrees of freedom)

_____________________________________________________________________________________________________

:f[ﬁﬁ £'e' = exp Z/t dr /T ar (gaij(T: )& (T)&5 (") + 95T, Tl)f'g*(T,)ég(T))

aij I

i —Z/to‘”/todf oy (1. ™)' ()6 (') = Gy (™) (& (1) + € (1) (&) + (™)) ) 1

aij

Gaij(T,T') ZV’M»(T) ak(T’)e_if"T’dTle"k(T‘)a | ”

gaz](T T ZVZQ}”(T) Jak )fa(eak)e_if:’ dT1€ar(T1)

fal€ar) = 1/(ePaléar—ra) 4 1)  Initial Fermi-Dirac distribution

function
1 |



A few crucial steps toward obtaining the master equation

Tu & WMZ, PRB 78, 235311 (2008)
1. The classical action in coherent state rep.

Salé.€) = - 5167¢0) + o)l + [ ar{5[eF - F

s |65 - €] - Ha€ 0]

2. The role of the end points:

T (Ex, &}, t|€o, &b, to; ) = A(t) exp {

E-E(t)+E(ty)- &  E(t)- &+ &, €(t)
2 t 2

3. A nontrivial transformation: £(7) = u(r)€o + v(7)[E(t) + €],

1 £(m) + €(1) = u(7)[€(t) + &7,
_ _ 1 _ _ _ _
T (€11 o G100 = g A€ (06 + D08 + G060+ G106}
where
Ji(t) = w(t)u(t), Jo(t) = w(t) — 1, J3(t) = uf(t)w(t)u(t) — I,

with w(t) = [I — v(t)]"! 1



Our Exact Master Equation:
Tu and WMZ, Phys. Rev. B 78, 235311 (2008)

Jin, Tu, WMZ & Yan, New J. Phys. 12, 083013 (2010)
Lei and WMZ, Ann. Phys. (N.Y.) 327, 1408 (2012)
WMZ, Lo, Xiong & Nori, Phys. Rev. Lett.109, 170402 (2012)
Yang, Lin & WMZ, Phys. Rev. B 92, 165403 (2015)
dp(t) 1 {N } Yang & WMZ, Frontiers of Physics 12, 127204 (2017)

+) {%-j (t) [2ajp(t)a§ — ala;p(t) — p(t)a) ay}

upper sign: bosons
lower sign: fermions

» Dissipation and fluctuation coefficients in the master equation:
~ v . _
e(t) = = [u(t,to)u""(t,to) — H.c.] «— renormalization

2
Dissipation

L. _
’Y(t) — —§[u(t,to)u 1(t,t0) "‘H°C'] “— (relaxation)

F(t) = o(t, t)— [a(t, to)u (¢, to)v(t,t) + He] mg?stgg)tions



Nonequilibrium Green functions «(7,7) and v(t,1)

® u(1,1,) and v(1,1) are two Green basic functions in Schwinger-Keldysh'’s
non-equilibrium theory:

w;;(7.t0) = ([ai(7),al(t0)])+ v Retarded GF

|
]
Vi (7'7 t) ~ <a;( (t)az' (7')> v’ Correlated GF
¢ Kadanoff-Baym-like equations:

d T
d—u(T, to) + iesu(T, to) —I—/ dr'g(r, 7)u(r’,tg) =0
-

to

d T t N
d—’v(T, t) +iesv(T,t) —|—/d7"g(7', (', t) = /dT'g(T, T/)UT(T/,to)
T t

to 0
subject to the conditions: \ /

u(to, to) =0, fv(to, t) — 0, Non-Markovian memory kernels

<1<
to=T<t Tu & WMZ, Phys. Rev. B 78, 235311 (2008)
WMZ, et al, Phys. Rev. Lett.109,170402 (2012)



Equation of motion for Nonequilibrium Green Function u(z, ¢,)

w(r to) + iu(r,to) + 3 / dr'g (r. V(' o) = 0,

to

dr

< dissipation kernel

Nonequilibrium Fluctuation-Dissipation Theorem via v(t,7)

(1,1) Z/dﬁ/dTgu 7,71)g,, (71, T2)u T(t,Tg)

fluctuation kernel

Nonequilibrium FIuctuation-Dissipation Kernels
gO{’Lj T T Z‘/;Oék jak( ) _Zf / eak(Tl)dTl

G (T1,72) = Z%ak Vi (ra)e ™ Jm2 ex ATt (403 bon (t0))
k

Spectral Density (level-broadening function)

mg = 2m E I'mﬁ.,]'jako - Eak)
Tu & WMZ, PRB78, 235311 (2008)

Jin, Tu, WMZ & Yan, NJP 12, 183013 (2010)
Lei & WMZ, Ann. Phys. 327, 1408 (2012)



Connection of Master Equation with

Non-equilibrium Correlators for open systems:
Jin, Tu, WMZ & Yan, NJP 12, 183013 (2010)

Lei & WMZ, Ann. Phys. 327, 1408 (2012)
Yang & WMZ, Front. Phys. 12, 127204 (2017)

Relations of dissipation and fluctuation with the retarded and
correlation Green’s functions

!

lai(r)al (to))s = ugy(rte) > IGT(T, 1)

(al(t)as(r)) = pi (1,8) = [u(r,t0)p™ (to)ul (t,t0) + v(7,1)]

— —1G~ (T, 1)

t Keldysh’'s Green functions
L. V. Keldysh, JETP 20, 1018 (1965)



mmmm) Reproduce NEGF transport theory:

Jin, Tu, WMZ & Yan, NJP 12, 183013 (2010)

Lei & WMZ, Ann. Phys. 327, 1408 (2012)
Yang & WMZ, Front. Phys. 12, 127204 (2017)

> We reproducetand further generalize the transient current:
2 ~
Ia(t) = Re | drTe{g, (t.m)o(r.t)~gu(t.T)u (1)
to

Qe Ut : .

:;—%Re]thTr{ER(t TG=(T,t) \

< A | Wingreen, Jauho & Meir,
+35 NG (T,t)} g PRB48, 8487 (1993)




Weak coupling limit > Born-Markov Master Equation:
H. N. Xiong, WMZ, et al. Phys. Rev .82, 012105 (2010)

¢ Kadanoff-Baym equation can be rewritten as:

At to)u=" (¢, ty) = —ie, — / drg(t. T)u(r. to)u=(t. L)

to
¢ Take perturbation up to the 2"d-order in coupling strength:

w(t, to)u~t(t, to) ~ —ies — / dT/ (w=es)(t=T)
to
tt~2/ dT/ w) cos|(w — €5)(t — 7)]

¢ Dissipation and fluctuation in Born-Markovian master equation:

e (t) = —Imla(t, to)ut(t, to)] / dT/ )sin[(w — €5)(t — 7)]
—R t,t d —e)(t —
v(t) e[u(t, to)u /to 7'/ ) cos[(w — €5)(t — 7)]
Y(t) ~ v(t,t) =~ 2/ d’r/ w) cos|(w — €5)(t — 7)]
to 2T



Lindblad-GKS form of the Exact Master Equation:

Lei & WMZ, Ann. Phys. 327, 1408 (2012)
WMZ et al., PRL 109, 170402 (2012)

¢ Our exact master equation can be rewritten as:

dp(t 1
di) = —[Hs +Z'ym ol a, P +Z 2755 (8) £ V55O, 41 [p(H)]
where
L,, .ilp(t)] = aip(t)a; — Sajaip(t) — 5 p(t)asa;

» Lindblad form of the master equation has an excellent symmetric
superoperator form but it mixes the dissipation and fluctuation
such that the fluctuation-dissipation theorem is not manifested.

——> Obtain for the first time the exact master equation
with Lindblad-GKS form !!!



Goes beyond the fundamental theories for open systems:

& Schwinger-Keldysh’s Green function technique
J. Schwinger, J. Math. Phys. 2, 407 (1961)
L. P. Kadanoff, & G. Baym, Quantum Statistical Mechanics (1962)
L. V. Keldysh, Sov. Phys. JETP, 20, 1018 (1965)

& Feynman-Vernon influence functional approach
R. P. Feynman and F.L. Vernon, Ann. Phys. 24, 118 (1963)
A. O. Caldeira and A. J. Leggett, Physics. A121, 587 (1983)

However, if there are initial correlations between the system
and the environments,

B The Feynman-Vernon’s influence functional approach is not valid, and
the Schwinger-Keldysh's Green function technique is also intractable.

» We can solve the problem by the exact quantum Langevin equation

and also other methods. Tan & WMZ, Phys. Rev. A83, 032102 (2011)
Yang, Lin & WMZ, Phys. Rev. B92, 165403 (2015)



For partition-free initial states involving initial correlations :

I _
— prot(to) = € o

> the dissipation dynamics given by u(t, o) is the same, only the
fluctuation v T, t |s modified with

v(7,?) Z/ dTl/ drou(T, 1) 9;(7'1,7'2)+93€(7'1,7'2)]UT(7577'2)

Generallzed fluctuation-dissipation theorem in time-domain

where - N
goﬂj (Y 7-2 =2 Z zak tho con(T)dT 5(7-1 - t0)<blk(t0)aj (t0)>

— z'ak(Tl) “iho eak(T/)dT,Cs(Tz - t0)<a}(t0)bak(t0)>}
gazg T1, 7-2 Z Z ‘/@ozk —7, ftol Cak(T)dT

o'  kk’
% V o (T2)e i [o €arp (T7)dT <C 1 (t0)Car (o))

Yang, Lin & WMZ, Phys. Rev. B 92, 165403 (2015)




The Theory for Open Quantum Systems we have here

€ The dissipation and fluctuation coefficients in the exact master
equation are microscopically and nonperturbatively determined
from the Kadanoff-Baym-like equations for nonequilibrium Green
functions, where the environment-induced memory kernels take
into account all the back-actions from the environment.

€ The dissipation and fluctuation coefficients are constrained by
the nonequilibrium fluctuation-dissipation theorem so that the
positivity of the reduced density matrix is guaranteed during the
non-Markovian time evolution. In fact, the exact master
equation has the Lindblad-GKS form but it can fully address the
non-Markovain physics.

€ |In the weak-coupling limit, the solution of the Kadanoff-Baym
equations with a perturbation expansion up to second order in
the coupling constant between the system and the environment
reproduces the Born-Markovian master equation from the exact
master equation, and then the Lindblad one in the Markov limit.

WMZ, et al, Phys. Rev. Lett.109,170402 (2012)



Outline

< General analytical solution of non-Markovianity

<> Direct measurement of non-Markovianity

< Non-Markovian nonequilibrium physics

< Non-Markovian entanglement decoherence

< Non-Markovian decoherence of Majorana qubits
< Transient quantum transport and quantum control

< Summary



Non-Markovain dissipation and fluctuations

€ Retarded GF and dissipation:
5(t) = %[a(t,to)u_l(t, to) — H.c.

() = —% alt, to)u (£, to) + H.c.

=== w(t, to) = T exp {— / dr[iE(r) + v(7)] }

to
The full solution of energy spectrum

& Correlated GF and fluctuation GF:

~

Y(t) = v(t, t)— [u(t, to)u™ " (¢, to)v(t, t) + Hoc.]
——>
(al(H)ai(t)) = w(t, to){al(to)ai(to))u! (t,t0) + v(t, 1)
The full solution of noise spectrum



General solution of dissipation dynamics
WMZ, et al, Phys. Rev. Lett.109,170402 (2012)

€ Equation of motion for retarded GF:

d T
d—u(T, to) + iesu(T, to) +/ dr'g(m, 7™ u(t',t5) =0
T .

€ Discontinuity of self—energies:

dw J
Z/ 2w Au(z) }Scontinuity
™ 2 —
= w:|:7,0+ JO{ (CL)) O o SR >
— A(w) Fi Z 5 T T T z
/ T " isolated poles  branch cut

principal value  discontinuity
& General solution /
t L t() E Zze—lwz t to)

d .
+Z / —“’ [u(w +7;0+) — u(w —i0h)| e~ tto)




Universality of non-Markovian dissipation

¢ different open systems with different environmental spectral densities
have a universal structure of the non-Markovian solution:

u(t—to):/_ g‘;z)( ) exp{—iw(t — t)}

where the environmental-modified spectrum:

_ Sl — o J(w)
=2 2w =)+ O O )

Eg localized modes continuous spectrum part
Ul(z)
Im|2]
B] B2 . - .
T T T rd can be directly measured in experiments !!
ez
wn Wy W3

WMZ, Lo, Xiong & Nori, Phys. Rev. Lett.109,170402 (2012)



214 Chapter 7 Radiative Corrections: Some Formal Developments

p(M?) 4
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Universality of non-Markovian fluctuations

¢ generalized non-equilibrium fluctuation-dissipation theorem:

Z/dﬁ/d'rgu 7,71)G . (11, 72)ul (¢, 75)
to

the steady-limit: v(f,t — 00) = /V(w)dw

2 1
w— wb) T AW+ J2(w)/4}

localized modes conventional FDT part
Lo, Xiong, WMZ, Sci. Rep. 5, 9423 (2015)

Xiong, Lo, WMZ, Feng & Nori, Sci. Rep. 5, 13353 (2015)
when : 7 —
Z—=0,— x (w) =n(w, T)Dc(w)
A. O. Caldeira and A. J. Leggett, Physics. A121, 587 (1983)

which reproduces the early result of FDT by, e.g. Nyquist (28) , Callen
& Wilton (51), and Kubo (65), and taking high T - Einstein’s FDT.



How to measure dissipation and fluctuation
WMZ, et al., Phys. Rev. Lett. 109, 170402 (2012)

® Environment-modified spectrum of the system
J(w)
D = Z:0(w — W'
- Z o) T AP T @)/

® Environment-induced noiseZspectrum of the system

V(w) =7n(w, T)J(w) Kcu — wb> " W — g5 — A(Cj)]2 + JQ(“’)M‘]

€ Physical consequences:

1. Experimental measuring D(w) and V{w) = one can
determine the spectral density J(w) .

2. Knowing J(w), one can predict the dissipation and fluctuation
through D(w) and Vw).

3. One can also justify the dissipation-fluctuation theorem
through the above relationship.



Noise spectrum and spectral density

Noise spectrum of a system is quantum mechanically determined
by the Fourier transform of two-time correlation functions

€ Noise spectrum from particle-particle correlations:
(©.@)

S(w) = tlgglo e“T(al(t + 7)a(t)) dr.
- 2J(w)n(w
= Z6(w — wp){a’ (to)alto)) + “ ‘(]uf _)w(b)Q’T)
J(w)n(w,T)

w —wo — AW)]” + 72 (w)
=5 (Cd) + .55 (w) + Sg(w)
Ali, Lo & WMZ, NJP. 16, 103010 (2014)

€ Noise spectrum from C>gurrent-c:urrent correlations:
Sae (W) = lim eiw<(5la(t + 7)01, (1)) d.

t— 00
with e

010 (1) = Ia(t) — (Ia(?))
Yang, Lin & WMZ, PRB 89, 115411 (2014)



Example: bosonic open systems

€ Such as nanophotonic or optomechanical resonator, etc.

. w \Ss—1 W
€ General reservoir:  J(w) = anw(_) exp (_ _)
W W
“" A.J. Leggett, et al. RMP 59, 1 (1987)

€ General solution: .
oo J(w)e—zwt

—iw't -
u(t) = Ze ™+ /0 il - AWP T @)

where A(w) = %[Z(M +i0%) 4+ S(w — i07)] and

[ nwe [TV —we Yerfe(v/—w) — /7| s =1/2 sub-Ohmic
Y(w) =4 nwe|wexp(—w)Ei(w) — 1] s=1 Ohmic
| nwe|[@Pe ¥Ei(@) —@? —w—2] s=3 super-Ohmic

WMZ, LO, Xiong, Tu & Nori, Phys. Rev. Lett. 109, 170402 (2012).



Markovian and non-Markovian processes

Dissipation Dissipation Fluctuation for sub-Ohmic bath
dynamics coefficient coefficient
[u(t)] (1) (1)
1 3
n=0.1 6
2
0.5 1 4 Markovian dynamics
2
0 0 0

n=0.4 :
20 0 S0 Short-time
1

0.5 : :
0 2 0 non-Markovian dynamics
~10 -50
0 = 1
=0.7 — :
! 30 ° 100 Long-time
i) — | |
05 0 D20 9 non-Markovian dynamics
0 -30 -100
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

WMZ, LO, Xiong, Tu & Nori, Phys. Rev. Lett. 109, 170402 (2012).



Dissipation to dissipationless transition
for Ohmic-type spectral densities

J(w) = nw(w/we)* ™ exp(—w/we)

sub-Ohmic Ohmic super-Ohmic

1

0.8

0.6
= M (We)

0.4

0.2

) |

0 2 4 6 8 100 2 4 6 8 100 2 4 6 8 10

wc/wS wc/wS wc/wS

boundary line:  Ne(we) = wg/|weL ()]

Xiong, Lo, WMZ, Feng & Nori, Sci. Rep. 5, 13353 (2015)



Dissipation to dissipationless transition via temperature:

sub—Ohmic Ohmic super—Ohmic
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General non-Markovian dissipation and fluctuations
WMZ, et al., Phys. Rev. Lett. 109, 170402 (2012)

€ General solution of the spectral Green function contains two
parts:

1. Localized bound states, arisen from the band gaps of the
spectral density, J(w)=0, - Dissipationless oscillations.

2. Non-exponential decays, due to the nonanalyticity of the
self-energy induced from the environment.
€ In the weak coupling region:
1. The localized bound states have little contribution.

2. The non-exponential decays are reduced to exponential
decays (mainly observed in Markovian dynamics).



Conclusions on General Theory of OQS:

¢

Establishing a rigorous connection of the exact master equation with the
Schwinger-Keldysh’s nonequilibrium Green functions = provides a new way to
understand nonequilibrium physics of open quantum systems.

Quantum dissipation and fluctuations (relaxation and dephasing) can be
obtained through the computation of nonequilibrium Green functions and obey
the generalized nonequilibrium fluctuation-dissipation theorem.

Universal non-Markovianity contains localized modes plus non-exponential
decays. The former comes from the band gaps of the spectral density and the
latter arises from the non-analyticity of the environment-induced self-energy
corrections.

It shows that experimentally, by measuring the environment-modified spectrum
of the system, one is able to understand non-Markovian effects and
decoherence phenomena, and the structure of the environment.

As long as one can compute nonequilibrium correlation Green functions in the
real-time domain, one can obtain the full information about non-Markovian
decoherence for more complicated open quantum systems, no need of the
knowledge of master equation.
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Non-Markovianity measure: Memory effects

® Math of non-Markovianity: divisibility of dynamical map, monotonic
decrease of distinguishability of states using trace distance, monotonic
decrease of entanglement between the system and an ancilla, negative decay

rate, using mutual information
H. P. Breuer, et al. Rev. Mod. Phys. 88, 021002 (2016)

® Physics of Non-Markovianity: characters of memory effect due to strong back
action (memory effects), significant in the short and long transient regime,
strong SE coupling, low temperature, finite size structured environment, etc.

® Two-time correlation functions measuring non-Markovianity: physically, two-
time correlation functions correlating a past event with its future provide
direct information about the system-environment back-action processes

revealing the memory dynamics.
M. M. Ali, P. Y. Lo, MW. Y. Tu, WMZ, Phys. Rev. A 92, 062306 (2015)



Two-time correlation functions:

Cltr) (A(t)B(t + 7))
L VAMBO)A(+ T)B(t+ 7))

directly measurable in experiments or
calculated with exact master equation

® A quantitative measure of Non-Markovianity:
N(t,7)=|C(t,7) = Cem(t, 7)l,

where Cgy/(t,7) is the correlation without memory effect, which
can be calculated under Quantum Regression Theorem (QRT),
and QRT is valid only under Born-Markov approximation so that it

can be calculated from the Born-Markov master equation under
QRT.

M. M. Ali, P. Y. Lo, M\W. Y. Tu, WMZ, Phys. Rev. A 92, 062306 (2015)



A bosonic system in a thermal bath
Ct.t) = (a'(t)a(t + 1))

N(t,t) = |C(t,T) — Cpm(t,7)|
V(@ (t)a(t))(al(t + t)a(t + 1))
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Physica 121A (1983) 587-616 North-Hollund Publishing Co.
PATH INTEGRAL APPROACH TO QUANTUM BROWNIAN MOTION*

A.O. CALDEIRA AND AlJ. LEGGETT

7. Conclusions

Actually, 1t has been an old dream of many physicists to try to describe the
relaxation to equilibrium by Markoffian equations (no time kernels involved) even
in the quantum regime. However, we are a bit sceptical about the possibility of
this, since as we have shown simple models can recover both equilibrium statistical
mechanics and linear response theory asymptotically without being Markoffian at
all. Ford et al.'®) also achieved the same conclusion about the Markoffian
assumption in the quantum limit. Notice that we are talking here only about the
diffusion terms. Our drift term (the one involving y) is always Markoffian. In order
to find non-Markoffian corrections to the latter one needs to study the
modifications of y”(v) due to the sum rules which are important to describe the
short time behaviour of the Brownian particle. incomplete in general!




Temperature dependence of the

non-Markovianity
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Conclusion on non-Markovianity:

® Short-time non-Markovian memory effect, known for
Iong time dJo, A. O. Caldeira and A. J. Leggett, Physics. A121, 587 (1983)

® |Long-time non-Markovian memory effect, just
discovered recently in our theoretical framework,

® Non-Markovian memory effect is decreased with
iIncreasing the temperature of the reservoir.

® Non-Markovian memory effect depends sensitively
on initial states, in particular, for the long-time non-
Markovianity.

M. M. Ali, P. Y. Lo, M\W. Y. Tu, WMZ, Phys. Rev. A 92, 062306 (2015)
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A.O. CALDEIRA AND AlJ. LEGGETT

7. Conclusions

Actually, 1t has been an old dream of many physicists to try to describe the
relaxation to equilibrium by Mul{iah @Quations (no time kernels involved) even
in the quantum regime. However, we are a bit sceptical about the possibility of
this, since as we have shown simple models can recover both equilibrium statistical
mechanics and linear response theory asymptotically without being Markoffian at
all. Ford et al.'®) also achieved the same conclusion about the Markoffian
assumption in the quantum limit. Notice that we are talking here only about the
diffusion terms. Our drift term (the one involving y) is always Markoffian. In order
to find non-Markoffian corrections to the latter one needs to study the
modifications of y”(v) due to the sum rules which are important to describe the
short time behaviour of the Brownian particle.




Nonequilibrium and Equilibrium Physics:

=» Solving the exact master equation with arbitrary initial state

Open
Quantum

élnitial quantum state steady state

System
p (to) gEEEE nonunitary e_p(ts)
|
é b ) n/,//’//_/f,,
} ;----------"--""-L?"""jthermal p(ts)
; ; _— : classical
i(Equmbnum Dynamlcs} regime
:/:thermal-nke p(ts) ;
P (o)
| \ e gqumemory p (ts) .
4 § I : quantum:
i 45‘\ '(Non.eqm-llbrlum Dynamics) } regime |
. oscillating qumemory p (2s)

Xiong, Lo, WMZ, Feng and Nori, Sci. Rep. 5, 13353 (20'15)



Photon dynamics in cavities:

Cool
environment
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Solving the master equation, one can find
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n(t) = n(ty)e 2FE%) 4 Fwe, T)[1 — e 25 t0)]
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Photonic band gap structures:
J. D. Joannopoulos, et al, Photonic crystals, Modeling the Flow of Light
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Lo, Xiong & WMZ, Sci. Rep. 5, 9423 (2015)



Photonic dissipative dynamics

(a(t)) = u(t to) {a(to))
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Lo, Xiong & WMZ, Sci. Rep. 5, 9423 (2015)
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n(t) = <CLT (t)a(t))

Photonic fluctuation dynamics:
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Thermalization to Localization transition for initial Fock states :
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Lo, Xiong & WMZ, Sci. Rep. 5, 9423 (2015)



Thermalization to Localization transition for initial coherent states :
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Defeats in lattice structures

L

9
o 0 o © 4, °
o o O
: : : (c) simple cubic
(a) linear lattice (b) square lattice lattice

Sorry, this part is omitted because the result has
not be published yet........

Y. W. Huang and WMZ (2017)



Nonequilibrium photon statistics:

Photon bunching and antibunching statistics are usually
characterized by the steady-state (i — o0) second-order
correlation function 9(2)(t,t—|—r) , where an increasing
(decreasing) magnitude of g(2>(t,t—|— 7) with delay-time 7
demonstrate antibunching (bunching) statistics of photons.

(a'(t)al(t + T)a(t + 7)a(t))
(aT(t)a(t)){aT(t + T)a(t + 7))

g t,t+ 1) =

We studied the exact nonequilibrium transient dynamics of
photon statistics for a micro-cavity coupling with a thermal

reservoir with Ohmic spectral density.

M. M. Ali and WMZ, Phys. Rev. A 95, 033830 (2017)
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® For an initial Fock state

In long-time non-Markovian regime,
the steady state cannot be

thermalized
p(t) = Z Pn(ts)ln) (n],
n=0
putt) = —2EN oy

[1 4 v(t)]"!

min{no.n} k
no n 1 Q(ts)
a3 (k)(k)[v(ml—sz(rs)]

k=0




—
-
_|_
~,o
e
~——
)
L

gdA(t,t+ 1)

2

@ n =05 |05
1.8’ © c00t=1.0
1 6 —oaot=l.5
0
1.4| 0
1.2
1
0% 5 10 15 20 25
woT
2 N
T =1
gl NN
—TS=3
1.6/ s
1.4 —T =10
1 2 TSZIOO
1 —
v
0.8 .
0O 5 10 15 20 25

wWoT

1.6 . -
®) n=15n_

1 4 for different transient time

12'. NN

1 \N\ |

0% 25 350 75 100
woT

2 : :

®)yn=15n_

1.8

1.6 for different temperature

1.4

1.2

INT —

08 %5 50 75 100
wWoT



(@ n=<1: 100

73— 50 WwoT

(C) <7

q
2.0 0
1.5 10
1.0 y /20
0.5 Wy /30 @
5 3 40

3
am. 2 PO

New type of phase transition of photon statistics occurs
at a critical value while passing through weak to strong system-reservoir coupling

M. M. Ali and WMZ, Phys. Rev. A 95, 033830 (2017)
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Nonequilibrium quantum phase transition
via entanglement decoherence dynamics:

® Entanglement is not only the useful resource for quantum
information processing, it is also used to characterize the many
fundamental physics issues, quantum phase transition is such an
ISsue.

® \We studied quantum phase transition in open quantum systems,
which allows to explore the nonequilibrium quantum phase
transition via entanglement decoherence dynamics.

® \We consider a two-mode cavity system coupling to a non-
Markovian reservoir, and the two mode optical fields are initially in
an entangled squeezed state.

19s(0)) = exp{raias — fra]ia;}\()()}

Y. C. Lin, P. Y. Yang and WMZ, Scientific Reports 6, 34804 (2016)
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Real-time entanglement decoherence dynamics

Dissipation-induced fluctuation-induced
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Real-time entanglement decoherence dynamics
for different spectral densities

=0
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Steady-state non-equilibrium Green functions

1.000E-03

0.2121

Quantum Phase 5
Transition (T=0)

0.4242

0.6364

0.8000

1.000E-04
0.002548

- 0.06494
Quantum Critical

Regime (T#0) e

1.655
—=10.00

0.2 0.4 . 0.6 0.8 1.0

Y. C. Lin, P. Y. Yang, W. M. Zhang, Sci. Rep. 6, 34804 (2016).



Steady-state phase diagram
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Steady-state phase diagram
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3-D nontrivial phase diagram

Y.C. Lin, P. Y. Yang, W. M. Zhang, Sci. Rep. 6, 34804 (2016)
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Majorana fermions in 1D spinless p-wave superconductors

Kitaev's model @ =0 @==9 @=ece=@Q @
Kitaev, Ann. Phys. 303, 2 (2003) YA1 Ye1  Ya2 ¥g2 Va3 VE3 YaN YBN

N—1

H ——ch e, —Z(tc oo +1Al€%ccesy +huc.)

H = —it ZyB.x VA.x+1 Cx = _e_iw/z)(yB.x +1y'\X)

a realization with l l l
spin-orbital coupling
semiconducting wire M
deposited in an s-

X
wave superconductor

s-wave superconductor

J. Alicea, et al. Nat. Phys. 7,412 (2011)



Quantum Information Processing with Majorana fermions
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® exchange of Majorana fermions

J. Alicea, et al. Nat. Phys. 7,412 (2011)



Charge fluctuation induced decoherence to
Majorana fermions

® Hamiltonian of Topological Superconductor (TSC)

2
® Hamiltonian of gates as a fermion gas

A w
Hrge = Z[——c.,-+lc.,- — §Cj+10.i + H.c. — u.,-cjc.,-],

. 1- —_ 72
Hg = E €pChCp, g0
» - a5 = = 5 5

® Coupling between TSC and the gate
He = MQZFinCu ® /(@ is the charge fluctuation

M. J. Schmidt, et al. Phys. Rev. 86, 085414 (2012)

» Discussed the life-time (damping) of the Bogoliubov
zero-mode (Majorana bound state) using the Fermi's
golden rule (Markovian limit)



Charge fluctuation induced decoherence to
Majorana fermions

® In the Bogoliubov Rep.

Xok = Xro = Yor = —Yho,

M. J. Schmidt, et al.
Phys. Rev. 86,085414 (2012)

® Exact master equation

Sorry, this part is omitted because the result has
not be published yet........

H.L.Lei & WMZ (2017)
Allow us to study the non-Markovian

dynamics of Majorana fermions



Outline

< Transient quantum transport and quantum control

< Summary



Nonequilibrium quantum transport theory based on ME:

Tu & WMZ, PRB 78, 235311 (2008)
Jin, Tu, WMZ & Yan, NJP 12, 183013 (2010)
Lei & WMZ, Ann. Phys. 327, 1408 (2012)

& Quantum coherence in terms of reduced density matrix p(z)
p(t) = Trg|pror ()]

dp(t)
dt

= —i[Hs(t), p(t)] + > _[LZ(8) + L3 (B)]p(t),

& Quantum transport in terms of
transient current / ()

IQ (IL) = —€<E*\a(t)> Gc
I (t) = %trs[ﬂ;ifm(t}] — —%tl‘s[ﬂéiﬂﬂiﬂ] |




Master equation and transport current:

Jin, Tu, WMZ, Yan, NJP 12, 183013 (2010)
Lei & WMZ, Ann. Phys. 327, 1408 (2012)

® The super-operators can be exactly expressed as:
— Z{Aaij (t)[ajp(t)aj + aga,jp(t)] — Koij (t)azajp(t) + H.c.}

Z{)‘aw )| £a;p(t)a; ! — p(t)aja ] T Kaij (t)a,jp(t)a,l +H.c.}

® The exact tranS|ent transport current:




=) Reproduce quantum transport of NEGF:
Jin, Tu, WMZ, Yan, NJP 12, 183013 (2010)
Lei & WMZ, Ann. Phys. 327, 1408 (2012)

» We reproduce and further generalize the transient current:

e

[o(t) = E“ S[LE (t)p(t)] = — 7 s s|Lq (t)p(t))
2¢ _
_—T?Ro/“]dTTl{gﬂ(f. Do(r,t) = galt. T)a(rte) | "
+ga (1. T)u(m 1) p Dt )ul (1, 10) |
5__2;3 {T{Z (t.7)G<(r.t | ’
i_ ; e/r{,”- 1 T)G™(7.1) \
; o | Wingreen, Jauho & Meir,
_______________________________ FELNG ) | CpRpas, 84s7 (1093



Applications to quantum transport:

>

>

Phase localization and coherence controls in double-dot AB
interferometer. Tu, WMZ & Jin, Phys. Rev. B 83, 115318 (2011)
Tu, WMZ, & Nori, Phys. Rev. B 86, 195403 (2012)

Precision control of charge qubit coherence through -cross-
correlations.  Jin, WMZ, Tu & Wang, J. Chem. Phys. 139, 064706 (2013)

Single-electron turnstile pumping mechanism
Lin & WMZ, Appl. Phys. Lett. 99, 072105 (2011)

Lin & WMZ, arXiv:1207.0284 (2012)

Transient quantum transport in double-dot AB interferometers
Tu, WMZ, Jin, Entin & Aharony, Phys. Rev. B 86, 115453 (2012)

Tu, Aharony, WMZ & Entin, Phys. Rev. B 90, 165422 (2014)
Tu, Aharony, Entin, Schiller & WMZ, Phys. Rev. B 93, 115437 (2016)

Transient current-current correlation and noise spectra
Yang, Lin & WMZ, Phys. Rev. B 89, 115411 (2014)

Initial correlation effect in transient quantum transport in
nanostructures Yang, Lin & WMZ, Phys. Rev. B 92, 165403 (2015)

Quantum coherence of molecular states in AB interferometers
Liu, Tu & WMZ, Phys. Rev. B 94, 045403 (2016)



Theory for quantum feedback controls
(to be developed...... )

dp(t) o , . ~ .
{ f"rf = —i[Hs(t), p(t)] +Z[£:§HJ + L5 (t)]p(t), State evolution

Io(t) = trs[L3 (1) p(2)] = —trs[L (1)p(t)] Measurement

controller =—> output

Input:

feedback

® How to make Feedback control ?



Summary

€ nonequilibrium physics and quantum transport can be described
within the framework of open quantum systems.

€ quantum dissipation and fluctuation and transport phenomena can be
explicitly addressed in terms of nonequilibrium Green functions.

€ non-Markovianity is physically investigated in terms of experimentally
direct measurable two-time correlation functions.

€ nonequilibrium transient dynamics of photon and electron statistics
associated with non-Markovianity are discovered.

€ nonequilibrium quantum phase transition via entanglement
decoherence dynamics is explored.

€ temperature and initial state dependences of non-Markovianity is also
analyzed for different nonequilibrium dynamics.

€ A priliminary result on topological decoherence dynamics is
demonstrated.



Summary of theoretical development:

» The exact master equation was obtained for studying the non-Markovian
decoherence dynamics of various nanoelectronic devices at an arbitrary

temperature. Tu & WMZ, PRB 78, 235311 (2008)

» The exact quantum transport theory was developed from the exact master
equation, which generalizes the transport theory of Keldysh’s non-equilibrium

Green function technique. Jin, Tu, WMZ & Yan, NJP 12, 183013 (2010)

» The exact master equation including explicitly the initial system-reservoir
correlations was also obtained. Tan & WMZ, PRA 83, 032102 (2011)

Yang, Lin & WMZ, PRB 92, 165403 (2015)

» We extended the exact master equation and the transport theory of
nanophotonics with explicit external fields acting on both the system and the

reservoirs Lei & WMZ, Ann. Phys. 327, 1408 (2012)

» General non-Markovian dynamics of open quantum systems are developed.
WMZ, Lo, Xiong, Tu & Nori, PRL 109, 170402 (2012)

> Extend to topological systems for topological quantum computers (is
developing) ....
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