Mathematics for physicists
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(Dated: April 15, 2006)

Application of Calculus

1. Newton’s law of motion in time domain

p(t) =m-v(t) ‘ (momentum)
v (t) = dzgt) (velocity)
t—p

(Newton’s law of motion)

in one-dimension case

- dps (1) _ dv, ()  dPx(t)
t—7(t) ; t+dt - 7F(t+dt) =7(t) + dF(t)
dr (t) =7
47
dr (t) = ;ff) dt =7 (t) - dt
in one-dim. case
dz (t)
z (t) 7t vy (t)
dl;it) - mdliiit) =md(t) —» mad = F (t) ad : acceleration

in general

= F(7.9) = F(7(1),7(),



(a) F = —k 7 Hooke’s force

one-dim. case [, = =k -z

d*z (t)
oM = —k-z(t)

—z(t)=A-cos(2nf -t +9)

(SHM)

>k 2 )
(@2rf)’ == d COSCE;t ) = —w? cos (wt + §)

1 g\ 12
f=%<a> , £(0)=A-coséd , v(0)=—2nf-Asiné

YV 2(0),0(0) = A8

(1)
.. A and ¢ are two constants of integration and determined by the initial condi-
tions.
(b) F=—v-7
one-dim. case F, = —v - v,
dv, (t)
= —v.u, (t
m— V- vg (8)
Bt
U (t) =B. e—?n--t , B = Vs (0) C_iZT = ﬁ . eﬁ-t
dz (¢) -y
o = U (0)-eVm
c)y=c- 220k gm0
Y Y
Note: B and C are two constants of integration and determined by v, (0) and
z (0).
. m - vz (0) -y
z(t) =z (0)+ S (l—e )
= (0
x@ﬂ:ﬂm+mi()

2. Newton’s equation of motion in space domain

dv

F=mi=m—
dt

/



} dv
one-dim. case ' = m—

dt
if F=F(x)
then
dv (t) dv(z) dx dv (z)
@ =m = & e g
_d (2m? (2))
B dx
1 5 L *
L gmY (z) - 5™V (zo) = F(z)-dz =W (work-energy theorem)
zo
when z =29 — v = vy = v (z9)
1
§mv2 () =K (kinetic energy)
/ F(z) dz=W (work done by F from zg to z)
Zo
dz dz
= =— o dt=— s t=t
— v ’U(.’L‘) I v (7) - (z)
(a) Hooke’s force F = —k -z ift=0, z=1x¢, v=1g
1 1 ¥ 1 1
Emv2 - §mv§ =/xo (=k-z)dz = —Ek-x2+ ikxg
or
Fmu + -2—k 1= omug + Ek Ty = E = total mechanical energy

Note 3k - 2° — elastic potential energy

(2 1 ,\\? _ de
..v—.(m (E 2k x)) =

dz , z dz
sodt = T = t——0=/ -
(2 (8- o (2 (B -3k a0)!

m

2E

change of variable: set 2% = 2£.cos?§ i.e. z = (%)1/2 cosf, z =1y = =06

then

9E\ ?
dzr = <TE> (—sind) df



(Sl

cim0 = [ (MY = () o -

2F
{xo = (T) cosbty, t=0 = 6 =40, (initial phase angle)

k
set w = (E) = 2mv = angular frequency

1 1
OF\ Z 2E\ 2
ST = (TE) cos § = (%) “cos (wt — )

Note: w - T =2, T = 22 = L. T — period, v — frequency

[=)

R

(STt

v~

Note: when z — max i.e. z = A = Amplitude, then v =0

| 2 _[2E

.'.:E=A-cos<\/£-t—-90>
m

= () (o G )

(b) Gravitational force

1
2
) — 1z =A-cos(wt —8)

or

4 ! t=0
m i v m gravitational force acting on the
e particle at time ¢ :
— N Gm?
) | P m P (2)
] (¢ — 2z)

Find the time required for the two initially rest particles to collide.

dzx
_d_t N U(O)—O

Em1)2—-0=/ F(x)-da:z/ —gﬁ—?-dx
2 0 . o (¢—2z)

at time t, v



* Gm? 1 1 0 T
SR L v R (wn‘?)_‘Gm 00— 22)
(‘ZG'm T )é dzr
.'.U(.T)= . = —
4 T

-2 dt
te i/ 0 0-21\?
Ste—0= dt = . -d
/0 /(; (2Gm x ) .

change of variable: set z = £sin®§ .- ,

dz =€-sin9~cos¢9-‘d9

1

-2\ ? ¢-cos?0 )\’ cos @
< z _<€sin29> 'ﬁ'sine

ot (Lt %E 2 0d6 £ f 2 0dp
“.C_/O <G—m) - £ COS _<—G——TT—L> A COS

/2

0

w/2 1 /2 1 1
/ cos® df = —/ (cos26 +1)df = - (— sin 26 + 9)
0 2/, 2 \2

Between t =0 and ¢t = ¢,

30\ 2
t=t(x)= <G£TI’_L) (i sin 26 + %9) , where 6 = sin™* (2%
T

I'-‘ \_/
-



Mathematics for physicists
Lecturer: Prof. Ven-Chung Lee

(Dated: May 13, 2006)

Application of Calculus on Mechanics

1. Universal gravity

- GMm# GMmr
F=-to— = =2
M r r

0]

~i

Example: Total force on m at the center by a uniform semicircular wire with mass M

ftof+df = dM=—Ai-R~d9=Md9
B TR T
= dF =dFcosf-1+dFsinf-}
GmdM mM
A dF = 2 —G’ITRng
i
.'.ﬁ=/df:i§—@ cos&-d@-#jg—]—\f[—m— sin g - df
T 2 0 7TR2 0
=sin 8|5 =0 = —cos @} =2
-  2GMm
F=J wR?

2. Friction force and Tension: f, = uN , f, : sliding friction force, NV : normal force,

o :coefficient of sliding friction

Ezample: Lift a weight by a string tossed over a fixed circular rod

T(9+d6) 8 >T(6) 6+df—T(O+do) =T (8) +dT (6)

Normal component:

(T+dT)sin L + TsinZ = dN Normal force
Tangent component:

(T +dT)cos 2L —Tcos% = —pudN  Friction force
cdd 1 sind - . cosdg —1

' 2 2 2

5.dT -df < T-df the dT - df term is neglected



S T-dd~dN and dT ~ —pudN
dr a7 _
T-do M OF g T TH

ST=Ae* TO)=Th=A4
T(a) = Tl = Toe_#'a

Ty = Wet™ S To>W

—

}
T,

N

/4

Application of Calculus in Electrostatics

3. Coulomb’s force

force on point charge ¢ by @ at origin

F .
q Faik & T
7 r
0 F=r1-7 F=7/r
=_, Qa7
| F=ktmg
charge .
distribution dQ = p(7)dr’, p(7) : charge density, dr’ : space element
F=[dF
= = / > o
Y N AGI L gr )
0 |7 — ]
Ezample: Total Coulomb force on ¢ by a uniformly charged line:
K& 4Q
25 8 pL= = linear charge density, d@ = pr, - d2’
F=[dF

dF = dF cosf -7, + dFsin 6 (—k)

...F=FTL‘TA'J_+Fk'k

prdz - q
dF:k.zIQ+r2
1
dz -
praz 2q cos §
+ri



change of variable from 2’ to § :

Z=r -tanf
7| 5
z > 22?7412 =12 .sec?d

A dtané
r dz' =r, -sec?0df ( Y = sec? 9)
dé
2d k b2 k
“F.o=k-pr- qr—; e > 6 -cosf = qu/ cos 0df = “PLY (sinfy —sind;)
T4 sec? § T Ja T
Similarly
02 . 1 1
F, = _kaq/ sin 6df = koLq (cos @y — cos ;) = kpLg- 7 72
rL Jey T (23 + 1) (2f +11)
T T )
(L) 16, — —3 0y, — +5 == oc-long line charge:
Fr_l_ = 27rqu s Fz=0
TL

(2) If 6, — 0,0, — +g = semi-oo-long line charge:

k k
F, = qu CF,=— PLq
L Ty



