Mathematics for physicists
Lecturer: Prof. Ven-Chung Lee

(Dated: December 24, 2005)
Integration &. Differentiation
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Example 1 Constant function
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Example 2 Linear function

y d?ii(x) =tanf = o — slope of the line
’ L
y=ox f (1+a?)? d:v—(1+a) (b — T4)
b ab = ab
a ~ slope = « ab-cos B =z — 7,
) 1 1
' )2 = 28)2 = =

> ,Bx p— (1+0*)? =(1+tan?B)? =secf —~

a b

". The result is consistent with the trigonometry
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One-dimensional motion:

if y = y (t) — one-dimensional motion along y-axis

71
b Yo — Yo — displacement
ty — t, — time duration
a
7] dy (t )
t i(—-)- — velocity at time ¢
0 t t dt




Case 1:

Statics
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Y = Yo = const.
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Case 2: Constant velocity motion
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Y=Yota-t
A%f

const. = vy, (t) — y component of velocity
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0

= 0 — y component of acceleration

dy(t) _
J 4 Y=y tasfor — +28-t =1, (t) = y component of velocity
dv, (t ’
v;t( ) = 28 = ay (t) — Yy component of acceleration
Y - ay(0) 1
~ Tope=atBt s y(t) =y (0) + v, (0) -t + 50 (0) - &2
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Case 4: From given Uy (t) to find y (¢)
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slope = a
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() = 2
Sy (8) —y(to) = [ dy(t fy(t) dt = [, v, (t) dt
j;)t(a'f"at)dt:(a.t_i.Qa tz)’o—a-t+%a-t2

. displacement = area between vy (t) and t-axis from ¢, to t,

Case 5: From given ay (¢) to find v, (t) and y(t)

a

a

d

s e .

vy (8) — vy (0) = ’dv =fe@®dt=[fla-dt=a-t
-'--'Uy(t)=vy +f0 dt—-vy(0)+a.t
YO =y + fu () dt =y(0) +v,(0) - t+1.q0.22



y(z) =a-sinBz

dy ()
dzx

=a-f-cosfBx

5. Series expansion of a function

set ’y(.’E)=Zan.$n=ao+a1.x+,_.+an_xn+”.
n=0
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n=0
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try it!

Maclaurin series expansion
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Differentiation

1.
y(@)=a o
dy . a-(z+Ar)"—a-z"
dz Alir—n-o Azx
(z + Az)" =x"+n-x"‘1-A:r-i—ﬁ;—gﬁ-;l'x""z‘(Ax)?‘f‘"‘ﬂL (Az)”
dliiix) =a-n-2"' | (n # 0)
2.
y(z) =Zai-xi=a0+a1-x+a2-x2+---+an-x"
1=0
dy (z) =a1+2-a2-:c2+--—+n-an z"!
dx
= Zz ca; -zt
=1
3.
y(z) =a-cos Bz
dy () . a-cos[B-(z+ Azx)] —a-cosf
= lim
dzx Az—0 Az
cos [3 - (z + Ax)] = cos Bz - cos BAz — sin Bz - sin SAz
. —_— 3 A
dy (z) — lim & (cos Az ~ 1) — lim sin Bxsmﬁ x
dx Az—0 Az Az0 T
- tim B8 _ OR sinfAz 2= 6. Az
’ AITO Azx -
lim <2F87 -1 OR cos BAT 2270 1
Az—0 Ax
dy (z)




Integration

y -1
l.y=2z" —=n-z"
Y —)d:r

gt

set f(x)=2z" then /bf(x)d:cz/bx”-dz=

bn+1 — an+1

n+1

n+1
dx™*t!

dz

=(n+1) z"

2. [cosfzdzx = ?

_dsin Sz
) dz

/cos Bzdx = %/d(sinﬁx) = %sinﬂ:c +C , C = constant.

= - cos Sz
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What we can do with the power series expansion

1.

f(z)= i an - T" ,  Gn= f(’zl!(g)

n=0

by the similar way

2.
= ()
f(.’r):nzzobn.(x_xo)n , bnzf n(!:vo)
3.
oo (_1)11 . CE2n ) oo (_1)n . $2"+1
cosxzngo————(zn)! ; 51nx=;0——-———_(2n+1)!
4.1 £ (20) = 0, g (z0) = O then Jig 1120 2
2
f(x):f($0)(m"mo)*’f”(xo)(—;-v—zg))—
g(z) =9/($0)'($—$g)+g"(xo)-gccg—!z‘))-+...
s AL f (zo) or ¢ (xg) # 0
. f(2) _ f(=0)
then :}LITxlO g(z) - gl (xO)
or if f'(2o), ¢ (z0) =0
then lim /() = G and so on
z=z0 g(z)  g” (o)
Application: '
lim 3257y BocosBe _ g

r—0 T -0 1

(Maclaurin expansion)

(Taylor expansion)
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5.1 f = f(t) & C;g = 8-t then f(£) = ?
assume '

o0
FA =) an-t'=as+ay t+at 4

(power series expansion)
n=0

q
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5 5‘02,
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'f(t)—-ia =g -Zgﬁtn—- i}—(ﬁ-t)"

o ——_0" - o T 2 nl
define:

t = (B-t)"
g(t)=€ﬁt=z( n!) — why?
n=0

vg(titt)=g(t)-g(t2) &g(0)=1

T - T+ i 1 n n— ) n n—-m, m n

e+y=2(—/n‘y)_=z.ﬁ(x + nx 1.y+...+(m)x Y ++y)

n=0 : n '

ay_n-(n=1)---(n—m+1)

s (S} [

€€ (Z}n') (mm!>
check ™™ . y™ term

N 1 n—-m __m i n (n_l)"'(n—m+1)_ 1

(n —m)! Yol n!m! ~ ml(n—m)!
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ex
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Y - —
1 e 1
1 1/2.7183 x another definition: e= lir% (1+2z)=
1 , z—
6. One-dimensional motion with drag force
- t
dv, (t . = t .
m Zt()?”f'”v(t)ﬁ om0 4
~ : coefficient of drag y=0 I
L)
Sy (t) = o ePt
= 0= ——% and a=1v,(0) initial velocity
dy (¢
vy () = v, (0) e™r/m = S8
t
_'.y(t) = k+7’}.e<t —_ M —_— C.n.e('t =/Uy(0>e_'7t/m




